Application

Weinan Lin

Let G be a compact Lie group. In this talk we are going to introduce the ordinary
equivariant cohomology and the Smith theory as an application.

1 Ordinary Equivariant Cohomology

Definition 1.1. A coefficient system A is a contravariant functor A : hOg — Ab.

Example 1.2. 7, (X), homotopy groups of a based G-space X: m,(X)(G/H) =
Ta(XH).

This is an abelian category where kernels, cokernels, and biproducts are defined
orbit wise. We shall define Bredon cohomology. First we give the axioms for the
reduced theory, which determines the unreduced theory in the usual way.

Theorem 1.3. Let G be a topological group, and A be a coefficient system. There
exist (unique) functors

H2(—;A) : hGTop?® — Ab

together with isomorphisms o, : H2(X; A) = HIY(ZX; A). (where n € Z) satisfy-
ing the following axioms:

e (Additivity) The inclusion X; — \/; X induce an isomorphism:

F/g(\/x,;A) ~ HHg(x,-;A).

e (Exactness) If X LY < Cf is a cofiber sequence, then the sequence
~ ~ * ~
Ho(cf; A) — Ha(Y; A) 5 B2 (X A)
is exact.
o (Weak equivalences) I:/g sends weak equivalences to isomorphisms.

e (Dimension) If G/H is an orbit, then

0 n#0,

HE(G/H:i A) = {A(G/H) n=0.



We shall not prove uniqueness here, but we will construct the Bredon cohomol-
ogy for G-CW complexes.

Definition 1.4. Let X be a G-CW complex, A be a coefficient system. Define
chain complex in the category of coefficient systems as follows:

Co(X)(G/H) = Ha(XM)™ (X", Z)

The connecting homomorphism associated to the triple ((X™)", (X"~1)H (x"—2)H
provides a map d : C(X) — C,_;(X). We define a cochain complex of abelian

groups as
Cg' = HomCoeff(gn(X)v-A)

The homology of this complex is the Bredon cohomology, i.e. HE(X;A) = HCE.
Example 1.5. If Ais a constant coefficient system, then HE(X; A) = H*(X/G; A).

2 Smith Theory

Theorem 2.1 (P.A. Smith, 1939). Let G be a p-group, and X be a finite G-CW
complex that is a mod p cohomology n-sphere. Then, X¢ is either empty or a
cohomology m-sphere, for some m < n. If p odd, then we have that n— m is even,
and if further n is even, X© is non-empty.

Remark 2.2. If H< G, X" is a natural G/H-space. Further, X¢ = (X")¢/H,

Since G is a p-group, it is solvable. By the remark we need only consider the
case G = C,.

Proposition 2.3. Let G = C,. There are coefficient systems A, B, € so that:
HE(X; A) = H*(X; Fp)
HE(X; B) = H*(XC;F,)
HE(X: ©) = F*((X./X6)/G; )

Proof. We define:

A(G) = Fp[G] A(x) =T,
B(G) =0 B(x) = TF,
e(G) =T, C(+) =0

We only need to verify the first four axioms of Bredon cohomology for the functors
on the right, and then simply restrict these functors to the orbit category to compute
A,B,C. O

For the remainder of this section, all nonequivariant cohomology is taken in F,
coefficients.



Lemma 2.4. Let J be the functor sending G to the augmentation ideal of F,[G]
and % to 0, Then P~ = @, and we have exact sequences:

0-J—-A—->B®C—-0

0-C-A->B@I—-0

and, foreachl<n<p-—1,
079" 579" e -0

We omit the verification of the lemma. The following theorem is the core of the
proof.

Theorem 2.5. We have the following equations:
e >, dim H9(X®) < 2. dim HI(X)
o X(X) = x(X®) + pX((X+/X)/G)

Proof. From the first two sequences of Lemma we have the following long exact
sequences:

- HE(XGT) S HIX) D HIXC) @ HI((X4/X€)/G) > HIPH(X;9) — - --

H9((X4/X€)/G) > HI(X) 25 HO(XS) @ HE(X;7) 1> T (X, /X€)/G)

We write a; = dim H9(X), by = dim H(X®), ¢, = dim HI((X/X®)/G), iy =
dim HZ(X;J). From the first sequence we have

igr1 = dim(Imy) = by + cg —dim(Im ) = by + cg — ag +dim(Im ) = by + ¢ — aq

= by + cqg < ag + igy1

From the second, similarly we have
bg + g < ag + cg4+1
Adding these together, we have
2bg + cq + ig < 2ag + Cgy1 + g1

Summing over 0 < g < r1, and choosing r larger than the dimension of X (so that
all cohomology at degree r or higher vanishes), we obtain:

2) bg<co+io+2) bg<2) 2
q q

as required.
To obtain the second equality, we quickly prove the following algebraic fact:



Proposition 2.6. Consider the long exact sequence of finite dimensional vector
spaces:
N Ck—lﬂ,Akﬂ,Bkﬂ,Cki,AkH_,...

we have x(B) = x(A) + x(C).

Proof. We have dim Ak = dim(Im o) + dim(ker o), and similarly for B, C. Using
exactness, we write:

X(B) = > (=1)*dim(ker Bi) + > (—1)* dim(ker v¢)

k

x(C) = Z(_l)k dim(ker y,) + Z(—l)k dim(ker cg41)
K K

X(A) = Y (=1)¥dim(ker ) + (1) dim(ker )
k

k

and therefore

X(B) = x(C) = Y (~1)*dim(ker Bi) — > (~1)* dim(ker cre41)

k k
= > (=1)*dim(ker Bi) + > (—1)6k dim(ker a) = x(A)
k k

O

Returning to the proof of Theorem [2.5] we use either the first or second long
exact sequence to write:

X(X) = x3(X) + x(X) + X((X;/X€)/G)
Using the third family of sequence in Lemma [2.4] we write:
X7 (X) = xgos1 (X) + X((X:/X€)/G)
Summing over 1 < n < p —1, we have

X3(X) = xgo-1(X) + (p = 2)X((X4/X)/G) = (p ~ D((X:/X€)/6)

Combining these expressions, we obtain:

X(X) = x(X°) + pR((X+/X€)/G)
O

Proof of Theorem[2 If X is a cohomology sphere, then 3} dim H9(X) = 2.
Then, by the first part of Theorem ‘ 2qdim H9(X®) can be 0,1 or 2; by the
second part, we can rule out 1, since the Euler characteristic of a cohomology sphere
is either 0 or 2, and x(X) = x(X®) mod p. If 2. dim H9(X®) = 0, the X¢ is
empty. If 3 dim H9(X®) = 2, then X© is another cohomology sphere. If p > 2,
then x(5") = x(8™) mod p iff x(5") = x(S8™), so n — m is even. If further n is
even, then x(X¢) =2 mod p, and so X© # 0. O
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