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“The first category of spectra”

(Fraudenthal’s suspension theorem)

SW category (Spanier–Whitehead, 1953):

objects:
morphisms:

More generally, we can include the non-connective objects:

objects:
morphisms:

Pros:

Cons:
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Recall: how did spectra arise

Roughly speaking, a spectrum consists of the following data:

They represent cohomology theories.

Theorem (Brown, 1962)

Examples:
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Why spectra

Spectra and cohomology theories they are not equivalent. There
exist “hyperphantom maps”:

The category has point-set models to record the geometric data.

Has good structures after passing to the homotopy theory.
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Multiplicative enhancement

Multiplicative cohomology theories:

In view of Brown’s theorem:
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Towards a good smash product

Want a good symmetric monoidal category of spectra.

(Aside) Symmetric monoidal category (C ,⌦, U):
Tensor:
Unit:

Closed symmetric monoidal:

A naive try:

Adams’ “handcrafted” ^:

Ho(S):

exe e
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An obstacle: Lewis’ theorem

Theorem (Lewis, 1990)
There is no symmetric monoidal category (S,^, U) of spectra with the
following properties:

There exists a lax monoidal adjunction ⌃
1

: Top⇤ ⌧ S : ⌦
1.

The canonical map ⌃
1S0 ! U is an isomorphism.

Let Q be the stabilization functor QX := colimn⌦
n
⌃

n
(X). There

is a natural weak homotopy equivalence f :

X ⌦
1
⌃

1
(X)

QX

◆

⌘

f .



A sketch proof of Lewis’ theorem

Sketch proof:
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Compromises: Di↵erent models

S-modules MS (Elmendorf–Kriz–Mandell–May, 1997)

Orthogonal spectra SpO(Mandell–May–Schwede–Shipley, 1998)

Symmetric spectra Sp⌃(Hovey–Shipley–Smith,2000)



Orthogonal spectra SpO

Topological category O:

objects:
morphisms:

Definition:

Smash product:

Day convolution.

Weak equivalences:

The third property in Lewis’ theorem fails.
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EKMM spectra

Idea: make things coordinate-free. Fix a universe U ⇠= R1.

Definition: A prespectrum E is the structure consisting of

Definition:

E is a (Lewis–May–Steinberger) spectrum

Adjunctions:
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EKMM smash product: the first try

The first try:

Problem:

Fix?:

Linear isometry operad L (n) :
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u u U

ELFCW ETF IV V Earn FW
Depends on

Is indexed over a 06

The space of all U U U is contractible

un use all choices
LIU n U

Lez the space of all choices U U u



EKMM smash product: the second try

Idea: replace a choice {U � U ! U} 2 L (2) by all choices
L (2) = L (U � U,U).

The second try:

Problem:

Fix?:

Definition:

twisted half smash product
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EKMM smash product: the last step

Idea: make ^L unital by restricting to all E with E ^L S ⇠= E.

Comparison:

Top⇤

PS

S

L[S ]

MS

Weak equivalences:

The third property in Lewis’ theorem fails.
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Symmetric spectra Sp⌃

Definition: The category of symmetric spectra

objects:
morphisms:

Smash product:

The first step: X ⌦ Y

Key fact:

X ^ Y :

Warning:

The third property in Lewis’ theorem fails.
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Comparison

Di↵erences:

Orthogonal spectra SpO:

EKMM spectra MS :

Symmetric spectra Sp⌃:

Quillen equivalences:

(MMSS)

(Schwede)

(Schwede–Shipley)

model cmodified for Hill Hopkins
Ravenel
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Some properties

Ho(S) is triangulated.

(Aside) Triangulated category (C , [1]):
translation:
distinguished triangles:
An familiar example:

Fiber sequences are cofiber sequences and vice versa.
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The 1-treatment: the abstract definition

S⇤: the 1-category of spaces.

Definition: ⌦X :=

Definition: The 1-category Sp is

Works more generally for C with finite limits

lim N S S
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A concrete construction via excisive functors

We have a more concrete construction via excisice functors

C : an 1-category with finite limits.

S fin
⇤ :

Definition:

A spectrum object in C is a functor F : S fin
⇤ ! C such that is

excisive:
reduced:

A cat of finite spaces

sends pushout squares to pullback squares

sends terminal obits to terminal obis



(Continued)

When F : S fin
⇤ ! C reduced and excisive:

Properties(Lurie, Higher Algebra):

Adjunction:

Universal property:

Agrees with the model category definition.

Ecs D Fcs
s F Fish

my
1

us compare
1 th I t En 5 rent

Sn Fcs

l presentable I admits a left adjoint
no Spce e 20
E D presentable D stable

PrtcspellD Is Pr ol D the dual statement



Stable 1-category

Definition: An 1-category C is stable if:

(Lurie) C : a stable 1-category. Ho(C ) has the structure of a
triangulated category.

has zero obj
Every morph

admits a fiber cofiber

fib seq c a oofseq



Thank you!


