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1/ G-spaces and G-CW complexes
Equivariant cellular theory
Fixed points and orbits

4. ) Homotopy fixed points and orbits

We take all spaces to be compactly generated and weak Hausdorff.
G 'tu‘)o(ojiu,( qrowp , (M Lie qrewp -Fiv\H'e 91‘1714'0

Definition

* left G-space GPM X WH"A\’,MNMVS W\Af GaxX -’7)( 30\“4 ‘“/Ud j‘a(fz'x):Gc?z) X
(3 %) > 9% oK = X

* G-map (equivariant map) F; X
swih thet 5971 9 (x)
Remark: right G-space X : ri?k* Q—s'ﬂ(,( ,‘f‘\!v\ i‘(‘ (an Ir(, rv.gow(:J s A &/'{ G*S/)ALE
b9 g% = *§7.
GTop and Topg 00] . G- Gpaues
e GT\fY ()‘t‘{):‘ M‘P(,.()(IY) 6~W0f) , @ 5‘7‘“2

Tra(k) s MP(XY) . o G5pa . G ats by omyugedinn
MMl X, Y) = (ap (k1))

(GTop, x, pt) is a closed Cartesian monoidal category

Cavtesion l)h&b\.e-(-- ¥, ¥ 6&10? Y €GT.
G ofs altafom((j gOx9)=(9%,§4)

kel hom  GTep(x, ) = Meap(x,7) = Topa(xiY)
1S & G,-s[m&
VO Mopg( XX, 2) X Mapg(x, Map(Y,2)

pbtwined from ‘(‘A(LI-AJ G-fp. of
. Map (X410 2) X Map(x, Mepl1.2))
The pointed version
e GTO; A : Gased G-spaws . X: G-ga® 4 € X suda that x 15 G-fived
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11e puliriteu versiun

. GTop, A : Gased G-spaws . X: G-ga® 4 € X suda that x 15 G-fived
s based G- neps (is & based spae based ok ap 1 )

o Map (XA Z) & Mapy (X, M, (Y,21)
M s (w0, 2) D Mofau (X, Mipu(Y,2))

Adjunction ~ _
G s GTp( s ) = GToplx, Y )
& — *
{qt
Definition. G-CW complex X = U Xn o bf Cn% Og
X= U ek " obj: GIH for closed subpros
i ) :
‘ dtadir) wop (G- HEG
£
HaG/HaXSn—>X" Mo _ S
Tnclsion j l a Mﬁf)
o0 -
1, G/Ha x pr+i 1, xn+l
The attaching map G/H xS™ — X" is determined by its restriction S” — (X™)".
flow«rk: oits &/H Pla‘f the nle o‘f ‘;oiw‘fs.
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Example. S 7 b

¢ The circle with the reflection action. © ‘_w C]/CX D\

¢ The circle with the rotation action. o &= (1

g C) T 0-al  (z/e
I GfexD’

« EGandBG EG: «fnzn, C’,\vSPM,Q sucl that EGA¥
ha= EG/q s
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2. EQUIVARIANT CELLULAR THEORY
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Definition. G-homotopy sith thak {bere 18 H: XxI = “[ ( G-mep
5= H(-w0) o 1- (o) with riviel G-adion
g=Hi=, 1)
We use [X, Y] to denote the homotopy classes of G-maps.

Definition. H-equivariant homotopy groups H < C‘T C(US@& 9ulﬂm[)
71 (X) = moHomg(G/Hy A S, X) :I wn(x”).l
hn'mf’('p'm cdr.jmj

Definition. Weak (homotopy) equivalence -f: )(_) \/ s A we. e ’ W) Mu “ s in {

if bH, ‘TH: ’(H-—? ‘IH is a we, WZ_

S Hole)= €Cw']

Remark. Borel weak equivalence f: ?("7 T S a 60191 W.e.

iF i oy Y (wuderlyivg mop)

s & w.e.

Definition. n-equivalence (non-equivariant) }: X = \{

(N70)  iF Ty(f) i>abijedion for q<u ondaswjedtion o geu.
(n=-1)  5:45Y 5 & H)-oui D (= b

Definition 2.4. Let v be a function from conjugacy classes of subgroups of G to the
integers = —1. We say that a map e: Y — Z is a v-equivalence if e/ : YH — ZH
is a ¥(H)-equivalence for all H. We say a G-CW complex X has dimension < v if
its cells of orbit type G/H have dimensions < v(H).

HELP A X dinX <V
Theorem 2.5 (Homotopy extension and lifting property). Let A be a subcomplex
of a G-CW complex X of dimension < v and let e . Y_—> Z be a v-equivalence.
Suppose given maps g : A— Y, h: Axl — Z,and f : X — Z such that eg = hiy
and fi = hiy in the following diagram: then there exists maps g and h that make

the diagram commutes. 9
A s Ax | L A A o Y
I A [ ¢l
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« Theorem (equivariant Whitehead theorem) Q:‘f"” 2 V- qfu,; y ¥ G-CW
&:[#:1]@ == D‘:Z]q— is a{(ﬁ]‘whn if dmx <v
swjuhion 1f dimX<s v

Proor. Apply HELP to the pair (X, 0) for the surjectivity. Apply HELD to
the pair (X x £, X x 8{) for the injectivity. [

» Corollary t‘.‘l I v ‘-(flﬂl.i f 7;2 i CT"CVU, d"w‘< 4
S e s o G - howmstpy P,fwi'val.('h(—(.

¢ Theorem (G-CW approximation) 1 2 _ e —_
For any G-spoe X, fhare is a é(-(l«LGl af%-(’_ = H"(("lT)J
cmplty.  TX  omd & we. Tx- X |

The T can be falen Frndwially

3. FIXED POINTS AND ORBITS
Xia-spee HC G

= {x|hx = x for all he H};
x* & Mag G/, x)

Xu=X/H=X/(x~hx for xe X and he H).

WigH ~Spaes

o WeH = NgH/H = Homg(G/H, G/H).

* As adjoints ( }61-
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ap( X7, Y) = T.P(x,‘/G')
Glop( 2 ™) & Top (%, Y )

e The general formulation and two special cases
F:HOK g mef‘\“w‘
TN

Ju9) = Moplr 9 =%
® f:Hoq s
5 i GLX

falxl= MY (G, ¥)

Exercise 3.1. Verify that the attaching map G/H x §" — X" is determined by its
restriction S" — (X")H.

e As limits and colimits BQ’ : (,dq(ﬂﬂ D'F one 1 *?6‘-
(some authars call this atejory € )

Glp T Fa(6G,Tp)  naw 1dewtifiadtion

X X'- G — x2
e To s this, we howe
X = ';;(;L X rﬂiﬁi,‘m ‘f )(C1 - )( 2 CT
X{a = colim 7( whimo N¢
prejedtm X
PG obits G ¢
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e Aside: The general formulation
1 @K =5 F:Bg->BK
%

D Fun(8€ Tp) I Fun( 86, Top)
0$ ‘ ()

KTop 45 GTop
S F s Mt and right adjoint's.
s L5 T Loane X = F1 %
I3 sL ,/, Rang X = —ﬁ)(?(

BK 7
Wwhen K=g2Y, Bk= %, T :Bga¥.
Lawg X = w(gr ,
Raw x = G X

4. HOMOTOPY FIXED POINTS AND HOMOTOPY ORBITS
EG: free G-spa Suck tat €GQ = ¥

In GT
Definition 4.1. The homotopy G-fixed point space of X is n GTop,

hG -
XhC = Map(EG, X) = Map(EG, X)°. X = M“'I’q'—v (EEH, X)
The homotopy G-orbit space of X is

Xua = EG N ¥
Xpe = EG x¢ X = (EG x X)g. &

Exercise 4.2. Find the homotopy fixed point and homotopy orbit of a space X

with the trivial G-action. ;(""6 = M‘?( RG, x) x x‘n
Xhg = BG X X % %
hG . hnl: ) G _, xhG
e Goal: X" = holimgg X; We have natural maps X X
Xhe =~ hocolimpggX. Xne — Xo

e Why do we study homotopy (co)limits of diagrams?

0= R S W g T
. : '"\Ll ;._,7-;'
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D wliwf D GliwF;, pot a w.e.

e Homotopy invariance F,"'7 F2 u\:e(WIse W.Q.
o If the ine of the djecks inFi, T2 are all wifihedd
+ len ho eslim Ty — W(,o(fw\?z s & W? .
@ ¥ - - aw ol Frhaet (“W‘d’c “ 7))
-f'llu.v\_ holim Fi — holim F2 is & w.e.

¢ Definition, the (co)simplicial one
d: Wo?‘\im cw(zyny (smuld ) x:oO—>Taf.
fa,

Bn(x. 9, x) = {f, S), f- [ocf—'i((~.-.t(m , S €Xin)

foe mp  do foryets £,
di, 1¢ica-t  owpse ST
A forgets £, replae s 69

() (s) & Xlin-1)

Meumc7 ‘ma.P rasets ™ <E I |

= Dq{—_ houogmx = [6*(»#,\8,)()’.

i)wmf(l. O = b . we writz =G jn the (ar constraction

Bz B Bo
NETEY @G B g 2 x

> (Bl | ~ oG 1'79'.”;){. 44
4219192 = 91

Bx(4/ G, &) - GGG Gra S G

dO(?Oljl) = 3'

> (B &, 6) 2 EG AR

}



—ao(j,x): X

D [B4b16,0) |= B, 6,6) X

di§ix) = 9x
= Pt @ X x x gg g
D (6, x| — coe(( GxX =3 ><) = Xg

Xue = Xa
or, “5i‘j EG>D ¥, we hwe EGxX = ¥XX=X

=) EG )é’ X O Xg
¥int
D‘Wuj, we have a wsinf(/iciov( spas (G ,X)

¢ alled colbal comstrution .

XV\G': I/wl"m)( = TO’(’(C:&(G/ ’X))
PG

\lIJ

wmd  we have )(G - XM"
o lim
¢ As adjunctions KL\
TVP wv\s‘r‘b _raroa
Nt
lTm
ol g
Toy < S T"]’
M'LP(H'—/@)/')
X [ N @ - T‘)’P
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X > o = Tof
d - M"f(g(d/@>z)9
d-’)dz A < dofed
—x B(Df)
Tp 1 oY
Wo limy

¢ (Aside) using model category

has iw‘,u:hvz moded structure (2welwise wf,w.@

'T'F@
% pojuive wodel stusture awelwise Fib ..
colim
e, B
@ lDP const )(,WP )P"J
L

9 W) ZL Ho (Tof°) Lxcw/fm(_@ﬂi_x)
hard

> in
M“f ( B(‘M)l \)
L
= _ 5 < S LX = pcolim (Qing X
=) Ho( l"[’) — HO(T"F ) ( 1 )
cmst ~ l'woo[fm X
if X(d) are il oofibrat
for o €D
e Universal properties
F = F}
Map(colim; F, X) = limMap(F (i), X) \ll L
Map(X, lim/F) = limMap(X, F(i)) Fa -\(AMF-\
Map(hocolim; F, X) =~ holimMap(F (i), X) \,X

Man( X halim.F\ ~ halimMan( X F(i\\



Map(hocolim;F, X) ~ holimMap(F (i), X)
Map(X, holim;F) ~ holimMap(X, F(i))
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