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Recall: Elmendorf theorem

Tim (Elmendorf)
There is a Quillen equivalence between &?(Orbg) and GTop.

CtTV[,? — ?(Orba) 3‘1‘0»ka‘3 -ffxed Pm‘rd-s
@ Upshot: Fixed points contains enough information.

@ “Everything is over Orbg": ’
Evample TR X)) 12 TTalXT)
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Coefficient system

@ Definition: Orbit category

o objects: CIH  orbis
o morphisms: CIH — 0l K ;H Her kK o3 rel
o an example: L= Cv

@ Definition: Coefficient system op
A w@&l‘[jg(/\ﬂ‘ S\{S’[?O{M (5 n ‘E%VLC‘FO’V‘ Orb& —> A/b
o Tl (otegory of poofficient  System & an Abelicen co.

OE\“"'""'@‘“s Constonnd coefpciont C)’S‘]'&W) Efaﬁg :%
Burngide coefficiemt Syt B of) = g

AcaiH) = At)



The analogue

@ non-equivariant equivariant
o m(X) Te0X) © Ocba > Ab

o coefficient A € Ab A s Orbo—>Ab

o H*(X;A), H.(X;A) H¥ X5 A, HelXs A)



Bredon cohomology

@ non-equivariant cohomology (dabhxlmr)
cw  complex X

CLwlll\h, cva(;?lex CVL _:'CVL LXV\,/ )(n..l)
Her CCVH A)
Toke He
; Bredzn z%om% X nwote= [ CW Sir ic Wﬁbk Wil Ooetiow
H (H - T g
Calx) CO/H) = Hn (Rnty X5 z) Q{Wwovw
fom ooeff s (ln, A) € Ab X jpoowiowvt
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Axiomatic cohomology theory

o Definition:

A generalized reduced Bredon cohomology theory IS

o a functor: ga Ho ( D:TOF*) —5 Ab?

. . . ~ A N+l
o with isomorphisms: " : Ha = H, oz

such that the following axioms are satisfied:

o (additivity)  sonds U . podwks o T
o (exactness) Q@nds cof sef, +o  enut sed
o (dimension) 1BFs (GHL) o o *%0 A s 0 coeff
= _ SYstom.
1 AWGMH) *=9



Properties

@ Theorem: for a fixed coefficient system, there exists a unique
generalized reduced Bredon cohomology functor.

@ Bredon cohomology for constant coefficient system:

Y ks AY = HEOX /G, A)

gy cMcfu'vg oxloms + UNiueness.



An exercise: Smith theory

@ Around 1940, P.A. Smith proved a number of theorems connecting
H*(X) and H*(X%) for a G-complex X.

@ “...(our) proof is an almost trivial exercise in the use of Bredon
cohomology” in the Alaska lecture notes.



Smith theory: statement

@ G: a finite p-group for a prime p.

@ X: a finite dimensional G-space, with finite dimensional mod p

homology groups. Cgan

Theorem (Smith) The following hold. DL = 1 e
0 x(X) = x(X%) mod p.

o If X is a mod p homologyiln-sphere, then X is either empty or a
mod p homologiplm sphere for some m < n.




Proof

Assume G = Z/p.

o Consider X¢ - X — FX = X/XC©.

@ By checking the axioms:

o HYFX/R)

By checki oxioms , ol
s

L

do o bose PO‘\NJC

free TUAG
A% x) HYex™)
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Compute the coefficient system

W@%igﬁﬁ space
O"'\iL H¥ CEX/D)
o M (¥ CX)
o N ¥ o)
o 1

11\
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Short exact sequences
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Back to the proof

We want:
o x(X) = x(X%) mod p.

o If X is a mod p homology n-sphere, then X is either empty or a
mod p homology m sphere for some m < n.



Thank you!
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Duality: the general definition

o (¥,N,S): a symmetric monoidal category
@ Definition: dual pairs
(X,DX) is a dual pairif 3
enlugtion. Map VS XADX =>¢

Coomlustion map  ¥]7 8-> DIAX
i g apxnx A5 X

S~

A.‘mgmmg pommite -
4+ the symm&‘n‘c tmes




Duality in the stable category

o X C R®" — S": a proper subspace.
o X°€: the comp[@%ent.

o Theorem (Spanier—Whitehead duality)
Let X C S™ be a proper compact subspace. Then X177 X¢ is the

dual of X_|_ ¢ h—
o : X'— §
(/(ng blﬁ X+ XC oure (Vl"[) - duat - zr(-;o;\\’ouluﬁ*‘;‘ m

pnss 4v  statle - deep He chore ot .

o Some results:

o Cw [x one dwz/ltzo»b(z ‘o0
° [A, BCQAVCJ &~ CAAC, B]  with gome §97€ “ﬁms

° X finite speC w> E(X) 2 ANY



Specializing to manifolds

@ M: a compact manifold without boundary
@ T'M: the tangent bundle

o Theorem (Atiyah Duality)
We have D(M ) ~ Th(—TM).

o hwe n versioe of AD  whea V! hos bfm&m?
o Sketch proof: Use §W- AW"')’ prm —R" —ﬁi’iﬂ;ﬂﬂmbw,

/~/7 -n -
> /gffmc R (ﬂ//m > CWN w)

— ="N/N = 5™ T
v@ TM = — " w P[/VLt)"' “’L["'[M)



From Atiyah duality to Poincaré duality

@ FE: a cohomology theory (or the representing spectrum)
@ M: compact manifold, dimension n, without boundary

o Theorem (Poincaré duality)
M is E-orientable. Then E"(M,) = E,,_,.(M,) for any r.

o FE-orientation: Q& plass ﬂe E”CTAQTM)) 9-15./\/ _
Boxs oM, £ eEne 8" ) & Elt5) 2TLE)

g +he it
o Sketch proof: (e Them I\WMWFZMSW).
Ex M) = €75 m) L g TR
= g ) = B

Tlewt 159



Equivariant story

meg/d presioten
/ olpxs

o Non-equivairantly, Poincaré Duality = A‘h\Y@l" D"‘“A"'ny + M
o -(;?/wam‘m A—[—f\[l}»l’t VuM/H’y L/
o Tquivawiont Tl is0 /" oviemtoshove clis ~

@ The issues:

(B)H o et neC. connected .

@ E—>B = = «Efbredam, Isotropy 3’1? 0=F B
s H owo Fa & H-splt



The (G-connected case

o Ef: an equivariant cohomology theory (or the spectrum)

@ p: E — B a n-spherical G-bundle, B is G-connected

5H < comnetted.
o Definition: EY, orientation class envery H

Choese /xega. LA () be 4l C«mp s+ SV="Fx .
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The general case

o cowrested Comprnent
@ ldea: make a local GG-connected space for each poi tEL+Wﬁa13ub8 X
H
o Construction: Fix ®eb 4
7 > _ mr pKs H
4 @C‘X))C o A [przs‘hwf 3,000 = (B ) P

@ FEUK))@ ~ g kaWM Hm) w0 H..QEMJZ B X
o This ogembles (> @ SpuE  OVr ﬂ:%zw
o 2 o nownal mp BB migoid of B
induced DY |BS, %) <> RS



Orientation classes: the general definition

@ ldea: a family indexed over the fundamental groupoid of the base
space

@ Definition:
oA 0%
A —Fobwv'»ly af clnsses el
. e BRY (Thipod, 9,
‘d AXEB ) /8 /M,[,/X) G _ T
Emx—>&Lx)

 aoHsies  He VW(/{ back  Oondition- |
o Thofwisomorphism: A —[:CWWLIY c’f (‘FDWLWFZ"‘SM.



The geometric definition

@ There is a definition of orientation in a more geometric fashion.

@ Non equivariant: the induced automorphism of fiber is independent
of the choice of path.

o F He oot 7@ 'E“l’m
A fibor punde pE>B defius o T

'P* :ﬂC%D — h():

@ This definition can be made equivariantly, with fundamental

groupoid replaced by equivariant fundamental groupoid.
@ Qeometric orientability = homological orientability for the Burnside

coefficient system. @A gronss

( Costuoble -y ~Wome)



Thank you!



