
Talk 13
Bredon homology and Smith theory

Hana Jia Kong

The University of Chicago

July 21, 2021

 



Recall: Elmendorf theorem

(Elmendorf)
There is a Quillen equivalence between P(OrbG) and GTop.

Upshot: Fixed points contains enough information.

“Everything is over OrbG”:

Th'm

atop PcDrba i taking fixed points

Example THIC X In NH

in assembles into Cx Aba Ab



Coe�cient system

Definition: Orbit category

objects:
morphisms:
an example:

Definition: Coe�cient system

alH orbits
GlH al k iff Her k r 7REG

G Cz idc.aze cacu2id
swith

A coefficient system is a functor Orbit Ab

The category of coefficient system is an Abelian cat
Examples BCAbconstant coefficient system salty D

Burnside coefficient system Bef id

A Cath ACH



The analogue

non-equivariant equivariant

⇡⇤(X)

coe�cient A 2 Ab

H
⇤(X;A), H⇤(X;A)

I CX Orba Ab

A Orba Ab
H CX A H CX A



Bredon cohomology

non-equivariant cohomology

Bredon cohomology

CW complex
cellular

chain complex Cn CnCXn Xm
HomCCn A A Cn for homology
Take H

G CW complex note hCWStr is compatible with aaction

Enix GH Hn X't XLI Z contravarianttum

HomweasysCEn A C Ab A In forhomology
covariant

Take H MS H c Xia



Axiomatic cohomology theory

Definition:

A generalized reduced Bredon cohomology theory is

a functor:
with isomorphisms:

such that the following axioms are satisfied:

(additivity)
(exactness)
(dimension)

Fatt HolhTop Ab
on tina Es Ana oE

sends V products to TT

sends oof seq to exact seq
tTacattle go

to A is a weft
AcalH system



Properties

Theorem: for a fixed coe�cient system, there exists a unique
generalized reduced Bredon cohomology functor.

Bredon cohomology for constant coe�cient system:

H'tCX I H CX Iai A

By checking axioms uniqueness



An exercise: Smith theory

Around 1940, P.A. Smith proved a number of theorems connecting
H

⇤(X) and H
⇤(XG) for a G-complex X.

“...(our) proof is an almost trivial exercise in the use of Bredon
cohomology” in the Alaska lecture notes.



Smith theory: statement

G: a finite p-group for a prime p.

X: a finite dimensional G-space, with finite dimensional mod p

homology groups.

Theorem (Smith) The following hold.

�(X) ⌘ �(XG) mod p.

If X is a mod p homology n-sphere, then X
G is either empty or a

mod p homology m sphere for some m  n.

J
tTCXiIfp go

n

Ep n
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Proof

Assume G = Z/p.

Consider XG ! X ! FX := X/X
G.

By checking the axioms: Tree outside the basepoint

tT9FX a H9cx thx 9

By checking axioms all
are Bredoncohomology

uns take the corresponding coefficient systems

NL M



Compute the coe�cient system

space G/G G/ecoefficient
systems It Exa 0 EpL
µ H cX Ep IFpEa

µ H cXa Ep 0

0 aug idealof
1 Apter

n
In 0

Fact 117 0 IP L



Short exact sequences

Relations:

coefficient ala acesystems
ticexiaL 0 Ep

µ 1 1 1 Ap Apia
µ Hcxa Ep 0
I o augidealof

Apia
I o e s

y Moi r't Hn unexa HIX Tt LENG
0 L M N I o i

di 4tdimLHaLX2 EdinstT cFHa
dimnN t dimn1 tdinstincx
Edimnt Lt dimnM

Is MINE meeting
dimnN dimnLEdimnmtd.mn I

In In L o 1Enept XII _JCI d 19cL

Enc.pe In t9cM EndpXfITbtXlL lp
z3DtJCD t fly YUU 19

E zdimNzdmY
JI JIN 11744

2 Xcx Tix
dimnXhE2



Back to the proof

We want:

�(X) ⌘ �(XG) mod p.

If X is a mod p homology n-sphere, then X
G is either empty or a

mod p homology m sphere for some m  n.



Thank you!
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Duality: the general definition

(C ,^, S): a symmetric monoidal category

Definition: dual pairs

(X,DX) is a dual pair if I
evaluationmap µ xn DX s

coevaluationmap tf s DMX

diagrams commute
X xnpxnx

d x

the symmetric ones



Duality in the stable category

X ⇢ Rn ! Sn
: a proper subspace.

Xc
: the component.

Theorem (Spanier–Whitehead duality)

Let X ⇢ Sn
be a proper compact subspace. Then ⌃1�nXc

is the

dual of X+.

Some results:

1am

Unstable Xx Xc are n i dual X nx S

pass to stable dropthe choice of n
coevaluat

CW cpk are dualizable

EA BenDC Arc B wsith some some finitenescondition
X finitespec in E X E E'TDX



Specializing to manifolds

M : a compact manifold without boundary

TM : the tangent bundle

Theorem (Atiyah Duality)

We have D(M+) ' Th(�TM).

Sketch proof:

have a versionof AD when 1M has boundany
Use 5W duality anan CR 521122M

1 M IR c tubular
rubbed

2 zi n Inc Z
n Rn Rim Z h NIN IW

normalbundle

2
n N12N In Thu

2 0 TM 112 my DCM1 2 The TM



From Atiyah duality to Poincaré duality

E: a cohomology theory (or the representing spectrum)

M : compact manifold, dimension n, without boundary

Theorem (Poincaré duality)

M is E-orientable. Then Er(M+) ⇠= En�r(M+) for any r.

E-orientation:

Sketch proof:

a class µ E EnCThe1M sit
f x M x µ CEnc Sn s Eoc5 aTIDE

is the unit
use Thom isomorphism

E Mt E Dmt E CThi TMD

iso
E

t h Mt En cry



Equivariant story

Non-equivairantly, Poincaré Duality =

The issues:

need orientation
does

Atiyah Duality homie
Equivariant Atiyah Duality

Equivariant Thom iso orientationclass

B is not nec connected

E B a a fibration isotropygrpof NEB
is H Fx is H space



The G-connected case

E⇤
G: an equivariant cohomology theory (or the spectrum)

p : E ! B a n-spherical G-bundle, B is G-connected

Definition: E⇤
G orientation class

BH is connected
for everyH

Choose NEB Let Ube the G rep at SE Fox

Anthon'entation class is µ E EauCThp St

t yCBH
viewed as y CIH B the pullback

y't e EI e al Her 5
E EE cattle etc CE isaum

This gives Thom
iso

EIB Eaw CThp



The general case

Idea: make a local G-connected space for each point

Construction:

theconnectedcomponent

Fix x cBH ofBkcontaining
x

x forOKEHTECH a A presheaf ExcHK
434

Box e S Elmendorfthim in a H space Box

This assembles into a space over TlacB
Equivariant fundamental

7 a natural map B B groupoid of B

induced by LBK X Bk



Orientation classes: the general definition

Idea: a family indexed over the fundamental groupoid of the base

space

Definition:

Thom isomorphism:

A family of classes fiber at a

bNEB't a mix CEwa CThipcxD St
T

mixsatisfies the pullback
condition't

A family of isomorphism



The geometric definition

There is a definition of orientation in a more geometric fashion.

Non equivariant: the induced automorphism of fiber is independent

of the choice of path.

This definition can be made equivariantly, with fundamental

groupoid replaced by equivariant fundamental groupoid.

Geometric orientability = homological orientability for the Burnside

coe�cient system.

F the cat of fibers
A fiberbundle p Ei B defines a functor

pit TCB D

Equivariant

reference
CostnobleKlay Waner



Thank you!


