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“The first category of spectra”

o (Fraudenthal’s suspension theorem)
Lot Y be ta-Dronnected {poce Thon T4 Y3 — LeX, 27
o W dew (O ana, ond furechin tf dim (O =an-.

o SW category (Spanier-Whitehead, 1953):

o objects: ]7f7f_”°+€d CW”PE[K ,
o morphisms: (o (,) 1= (im[ZVX, 2°7]

@ More generally, we (éavrgfylugaglqu%thﬁ< non-connective objects:

o objects: (X, ™
. cz L b 9-4m
o morphisms:  Howm ¢ (x,n), ((,m)) := [Im Tz %, 2" Y]

—7>
o Pros:
o Cons: © Pom4 howe ol wgm}wuf;
© HotTope) —> SW  chesnkr presorme oo dnshs.



Recall: how did spectra arise

@ Roughly speaking, a spectrum consists of the following data:
o En C/TO'F* ) n & Z
o Ghyctue W'FS : T n < ZEVL —7 EVL'H

@ They represent cohomology theories.

Theorem (Brown, 1962)
£ reduced goneral izes colwndlogy ey
Tlhen -there exick  on J\/L;ggéi Sb.
g%)() ~ T X, EnJ \> acljofwf? D][ \prs
Eon—> JeEys (S 00 W.E.
o Exampless HA , KU, MU, S’



Why spectra

@ Spectra and cohomology theories they are not equivalent. There
exist “hyperphantom maps": - :E—~F iy ot geche. St
© f&o
® -+ ndutes © o cohomslegy theomes

@ The category has point-set models to record the geometric data.

@ Has good structures after passing to the homotopy theory.



Multiplicative enhancement

@ Multiplicative cohomology theories: JIn wany emm[v . we  bowe
?" Cx) ©D =1 N Y—s " oxaY)
Vradw:l:

—f@%%‘w of vectr bundles (KUY
@ In view of Brown's theorem:

(X, B ® CY, EmI —= DX, Bn A B s 1%, BndEL]

nim T ¥, Tt ]



Towards a good smash product

@ Want a good symmetric monoidal category of spectra.

o (Aside) Symmetric monoidal category (¢, ®,U):
o Tensor: @ = £xt—> L
o Unit: y &t .
o unstol % assoohbe & comnattodtive dtag rams.
o Closed symmetric monoidal: Hew,C A®B, ) = tHow, LA, Homl 5L

) .
@ A naive try: ()(/\\f),,L s = YnAThn wa[@m: Shr. wap mwd—wd@@,ﬁ,,

5 (XATn = AT e
o Adams’ “handerafted” A: = In = D

o Ho(S): plosed Sym wonovcd Ca/—teg,my.



An obstacle: Lewis' theorem

Theorem (Lewis, 1990)

There is no symmetric monoidal category (S, A,U) of spectra with the
following properties:

@ There exists a lax monoidal adjunction X°° : Top, <= 5§ : Q°°,
o The canonical map ¥*°S° — U is an isomorphism.

o Let @ be the stabilization functor QX := colim,Q"¥"(X). There
is a natural weak homotopy equivalence f:

X 1 QY (X

\y



v, /uwmm S e
2 =®S ¢ 4he wnit

A sketch proof of Lewis’ theorem RN
2 NP I7X 25 QX

Sketch proof:
Q 2“80 s Hhe wnit = >S5S s o comm, yondid

o LT [ sym wonoidod = L8 5 & oMM monoid

s NP8 amS = ®8° s owm, wowoid

1 ¢ +lm
Mm Q+> [S & _[THA"‘ LovdToddi o )

= @@




Compromises: Different models

o S-modules .#s (Elmendorf-Kriz-Mandell-May, 1997)
o Orthogonal spectra Sp@(Mandell-May-Schwede—Shipley, 1998)
o Symmetric spectra Sp*(Hovey-Shipley—Smith,2000)



Orthogonal spectra Sp® 91% i

QW 1 "gwm%
Vo, Dae N
o Topological category O: h%l"’ \V\&\)y

o obJec;c?. .{W - P(ﬂ UWSFI,,MJQ oer L, w)
o morphisms: @CV,I/U) t= TM(SLU/WX> d W,wawew, M)J(f[l))‘g

o Definition: #n Vr‘ffﬂﬁgwﬂi Gﬁam S & Lontnious —f«/mo—hw
E:ﬁ—a—[‘a{w, /\/Lmr]’aha‘smxs oue nostrod 'ﬁl‘@vl/t(“fo‘rwﬁlﬁm.

TAF
. Ox & > Topu
® Smash produ.ct. o 7 BEM s EAF e doted w;w;wi
Day convolution. O - crtoncon (hos congrete <om
@ Weak equivalences: dim (V)"

Giable T~ eguivnloes TatB) s = wlim 5, Ew)]

@ The third property in Lewis' theorem fails.
Z”"Q"___ 3 SO, gll gl/ S? /B



EKMM spectra

@ ldea: make things coordinate-free. Fix a universe U = R*°.

@ Definition: A prespectrk!mur? 'smthe structure consisting of
(mu L

o EW)C/olNI b ianer .valec v.s. V<cu

o Ty,w ZW/UEUA — Ew) ,JueWw

@ Definition:
E is a (Lewis—May—Steinberger) spectrum tg TV, W Is
0L WWWFMSM Y Ve cut .
3 Qtedm{:‘cmﬁm
L SU
U fogpipal funoto

@ Adjunctions: TJF

N\



EKMM smash product: the first try

w o e—— W,V
UL e uou
o The first try: EAF W) = 6/\[:“) V) = EWYAFY/)

T indexed over- UDU

o Problem: U@EM v n
o Fix?: The QF@CG U«g oL U U —> U s contralhl .

vy pse pl chores
o Linear isometry operad Z(n): = L (U®" U >

L(2) = He SpaLe of all cheites UD Uy



EKMM smash product: the second try

o ldea: replace a choice {U ® U — U} € Z(2) by all choices
Z2)=ZUaUU,).
(W?é'hzd holf swosh FrDW)

@ The second try: Ly (B /\F) _ uJ’( EAaf
X Ed (e
o Problem: nom osseuptive ol(4) X E ¢ ) E
o(e)_c:t)
o Fix?: QRuefient pgut ~Hue D‘U'Flca‘;f COZ))%
E N = L0y K EAF
5 LF Ledyx Lea) ( )
Lgfz} ¢ LYK L) —> ] 2y need LG N E
uoutt o 5T fegel Ly A F

@ Definition: _
An U;q(yac (s (M5 spec Wity o outiow o Ll



EKMM smash product: the last step
M S modules
1
@ Idea: make A unital by restricting to%all E with EAng S =2 FE. E

@ Comparison:

> {’ [~ Spe chron

> 00 Reo

o Weak equivalences:  &ghly oy “@?/ =

@ The third property in Lewis' theorem fails.

DOMDIOWI Ge8 ed b
T o ).



Symmetric spectra Sp™

@ Definition: The category of symmetric spectra

n ol
o objects: Etzwfuaﬁoww gFOLU@S %nf‘z  UnelN st W/f@( S Xn—2 Kna
with Q%M‘Ummot//bbe

® morphisms: - equiomnors wops Phns Xman & I
@ Smash product: «A Y v |
_ ZFX 27/ —«‘;TVF;;
o The first step: X ®Y ) 7
By Dy oomooluhon Speg, - X®
o Key fact:
XAY: =
o x@s Y *h/fe,

o Warning:lEW%F&u Goble T o be e we. = oo Moy &wm‘%/
Need 4o fake  uraker vepiacoment

@ The third property in Lewis' theorem fails.



Comparison

Differences:

o Orthogonal spectra Sp©:
o EKMM spectra As: hoard +4v  define

Q s wot wptbrom
o Symmetric spectra Sp~:Guble Ty wot w.e.
thad <o do Wm‘mﬁmwy)

Quillen equivalences:

o (MMSS)  5¢” %_ S’g‘?
o (Schwede) QEE e s

o (Schwede-Shipley) QEZ < oy Lot Cod of spec



Some properties

o Ho(S) is triangulated.

o (Aside) Triangulated category (%, [1]):

o translation: [1): =T + pxiens
o distinguished triangles: 2x—>Y = 2 —> XTI ]
o An familiar example: D (2)

o Fiber sequences are cofiber sequences and vice versa.



The oo-treatment: the abstract definition

@ .Y the oco-category of spaces.

o Definition: QX := lim ( ’T) S %y {e
x = X

@ Definition: The oo-category Sp is
[im (o DGy B Gy )

fe——

@ Works more generally for € with finite limits

0 LZ ¢ 7 ﬁ%/ +e (70176"%1 cot
2y ke §F&{Q> ::Cz@(u-ﬂf&&f@



A concrete construction via excisive functors

We have a more concrete construction via excisice functors
@ %: an oo-category with finite limits.
o i - ook eég finite Sprces
@ Definition:

A spectrum object in € is a functor F : . — & such that is
umes
o excisive: conds FWQ&W Squones o FMW 5%
o reduced: Semds +orminad abl‘c o teminad Dk/?



(Continued)

o When F : " 5 € reduced and excisive: -
Frs ) =Je fts )

q" — ¥ F F(s — ¥
J/ I"J-/ l J’ EV\ —/_;Z/LEWH
x f gn{—l " [:CSM[)

o Properties(Lurie, Higher Algebra): .
o Adjunction: ¢ resenieble. e adrw/'/i‘[ﬂoom Wfﬁ adjrrt -
N® ) = L2
o Universal property: <, D Fms&wf&blﬂ) 9 soble
?&cgfm,m S LR D)t e dud st

o Agrees with the model category definition.



Stable oo-category

@ Definition: An oo-category % is stable if:

o [|[n 2o 617]- .
- s 0 Pber G oofiber
° ‘BVMY mmfh DDA’WV _ﬁ
° fb seg @ oa oy seq,
o (Lurie) €: a stable co-category. Ho(%") has the structure of a
triangulated category.



Thank you!



