
Chromatic Lecture 12 : Bousfield localizations
References : • Chapter 6 of the TMF book .

• Lecture 20 of Lurie's notes .

• survey by Tyler Lawson .
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1. E- acyclic & local spectra .

Motivation : In Alg Top , we want to
classify spaces up to htpy .

or weak equivalences .

Recall i f : ✗ → Y is a WKEQ if
-

t* : Tink) → t.nl#isomsV-n
.



WKEye are the equivalences detected
by htpy gps .

Obs : stable htpy gp is a generalized
homology thy, represented by $ .

Question : what if we replace $ by
some generalized homology theories.

This leads to

Defn : let E be a generalized homology
theory .

G) A spectrum ✗ is called E-acyclic
if E-*A)⇒ ⇔ EAX = *

as ✗ Esp is called E- local. if
i

t T E -acyclic , IT, ✗3--0
B) . A map of spectra f : ✗→Y is called

E- equivalence if f* : E-*CX) -7 ¥4)
⇔ if : Ed✗ ⇒ EM

.



Ex : CD . E- HZ , then ✗ is E-acyclic

if E* ✗ =D e.g . ✗ = kln) .

• Any Eilenberg - MacLane spectrum
HA is E- local .

Pf : If T is acyclic , then -

IT , HA] = HOLT ;AJ=0
+

By Uniucoet
than -

G)
.

E = HQ
. , then RB is E-acyclic .

b/c : t.TW#1RP2;Q)--0 .

Any Moore Spectrum MCA) A is finite

gp is E- acyclic.
RMK : Analogy w/ commutative algebra .

R = comm alg ,
MGR- mod ftp.

• M is f- torsion if M#M is zero .



⇔ M⊕pgR[¥] =D . M is "R¥] - acyclic"
• If tf - torsion M

'

, ttomp.IM
'

,M)=o -

⇐ Mᵗ→M isan . M is f- local .

Leon :

'

A spectrum
✗ is E- local ifft

E- equiv f : Y, →42,

f-* : Map ( Ya , X )→ Map/Yi , X).
is an equivalence .

pf : fi Y, → Yz is E- equiv .

⇒ cofib (f) is E- acyclic .
Map (4)→ Yz→cofiblf ), × ) .

Maplcofiblfl, ×)→Map /% ,×>→ Map14.x)

If ✗ is E- local , that is * ⇒ * is an
equiv .

On the other hand . any E- acyclic can be
realized as the cofiberof YE - eguius .
This implies

"⇐
'

!



§2 . Bousfield localization

Slogan : E be a homology theory .
✗ Esp .

then ✗→ LEX is the best
"approximation

of ✗ by E- local spectrum .

Defn : LE : Sp → sp idempotent functor .

together w/ y : id ⇒ LE . sit
.

✗ Esp . if i ✗→ LEX
_

is an E- equiv .

& LEX is E- local . .

-1hm lBousfield ) (Le , y ) exists .

Idea of construction :

Sp has a model cat structure .

If we replace WKEQ by E- equiv .

Keep . cofibnations
,

then Fib = Trivial cotib
☒

= cofib.AE- equiv . )☒



In the E- model structure

✗ → * is no longer a fibration .

7- factorization : ✗→ LEX → *
↑ ↑ .

E- equiv .

E-fib
i.e. t f : Y , →Yz .

an E- equiv & Eofib .

' 4 ,
→ LEX
7- -7

↓
Ibis is precisely

¥
, *

.

is lemma i.e.

LEX is E- Ioc if .
surah diagram admits
a life .

Prop : Universal properties of ✗→ LEX is

• initial among maps from ✗ to an
E-Loc target .

• terminal among E- equals from ✗ -

Pt : suppose f : ✗→ Y Y E- Loc -



Fib → ✗ → LEX

F-acyalic.TV y
7-

.

Prop . If E- is - a weak ring spectrum
ice . E , µ : FAE →E

'

E : so→ E
SH . E # EAE →M E-

→
then any

"
E-mad

"

M is E- local .

Cm , ✗ : EAM-3 M that is United it .

M # EAEM -9M
¥

Prop : Homotopy reenacts & limits of -

E- local spectra ☒re E- load .

pf :X E- local . Y -4×-54
For any E- acyclic¥7 .



Martin
# man_%x↑É¥Ñia%%,

⇒ Y is E- local .

Rmki LE does not preserve notions !

Defn : SPE Esp be the fall swbcat .

of E- local spectra .

'

prop . E Esp . TFAE :

'

G) - SPE ≤ Sp is closed under hocoltm .

(2) . LE : Sp→ Sp preserves hobo lion .

G) • LE ✗ ELLE5) AX
.

If - the above is satisfied ,
we call

LE
"

smashing
"

pf : a) - (2)⇔ G) .

(2)⇔ (3) Fact : Any cdim- preserving



F : Sp→ Sp is of the formFCXK-XAT.rs
LE . preserves colton : LEX ≈ ✗ it .

F- ↳ SO _

a)⇔ (2) exercise.

83 . Examples .

Them l Universal aeeftthm for Tx) .

✗ C- Sp , AE Abs MCA) =Moore spectrum of A .

7- natural SES . that does not always split .

◦→ Tina)A→Tln(✗ IMCA)) →Tor}(Ain-
" ¥

Inc x ; A) .

Defn : let ✗ be a spectrum . f- C- tkmapcxsx)
.

a) X -4¥] .=hocdim( ✗ $ E-KEEFE-2¥
→ _

. - y
(2)? -1T. (8) → to End (x) .

S = multiplicative subset of *End lx) .

XES -1] = ✗ [¥ Ifes] .



5- { nez / chip) =L n -1-0} .

✗ (p) =
. ✗ IS-13

✗ ☒ = .
✗ EGGO} )

"
]

(3) . × /f. = cofib :( EKX.tt ) .

✗ 7 : = hdimlxlf ← x/f2← - - -1
.

Examples : a) . E =MCz[£3) p prime .

then LE ✗ = ✗ [¥] ≈ ✗ 18%+3 .

pf : ✗→ ✗ Ttp] is an E- equiv into .

E- Loc spectrum .

ACT : ⇒
*(41M$e¥3)≈→*l9)⑧ZEp]

.

⇒ ✗→ + Ttp] is an E- equiv.

4 is E- acyclic ⇔ YP→Y is zero .

[4 , ✗Ttp =D .

⇒ ✗ ftp.T is E- Loc
.

(2) - E- = M(Z(p) ) y then LEX≈ Xp)
2- XD sips



(3) AE - Ma ,
then LEX = ✗☒ 2-✗ask

we write La for this LE
.

(4) . E- = M④p) , then LEX = ×^p .

NOT smashing ! - Lp LE .

Than l Sullivan arithmetic fracture sq ) .
✗ C-Sp . we have pull back see

.

✗ → f.↳✗

↓
'

↓
Lax→ ↳ftp.t.pt) .


