
Chromatic Lecture 13 :

§ 1 . Geometry of Mfg .

82 . chromatic localizations .

83
. Monochromatic Layers .

§ 4 . Telescopic localization .

§5-Heightlcomputation-

References :

• Havent 's paper : Localization Wrt certain
periodic homology thy .

• The orange book .

• Lurie 's notes .

• Gross- Hopkins :
"

The rigid analytic -
- - -

-

?

• Goerss : Qcoh sheaves over Mfg .



Recall at end of last lecture
-1hm VX Esp , there is a fracture

59 :

¥ ,→ IT↳✗
'

P↓
Lax → ↳Ttp✗

→ we can recover a spectrum ✗ from

Lax & ↳✗ at all primes p .

• ↳ ✗ ≈ Tnt In Htncx)④☒)
I However ↳ ✗ = Xf has even finer
1 structure .

↓ Recall a FGL over Qi is isan to .

Ga .

→ Sp → QcohcMtg )
.

A
moduli stack
of Formal Group



51
. Geometry of Mfg
Recall It ✗ Esp , there is an

Adam - Novikov spectral sequence :

EÉᵗ= Exes'tC.MU#MU*Cx))=7I-i-slH.MU*MU
classifies FGL .

Quillen 's thin :
↓

@U*, MU*MUD≈ ( L , W )
it

classifies
Hopf algebra'd strict isoms

blt FGL .

Spell I/ spec W = moduli stack of
formal gps .

Mtg .

µ, amy, , µ ,µ, ,
Mutt) g-

> Fx
> EEL ¥ H ( Mfg , F×⊕w④%)
Sp #-)

-

D Qcoh (Mtg) .

Slogan : The geometry of Mfg reflects .
the structure Sp .



(Mfg/☒ has 1 Pt bk FGLS over .

a- alg are Room to Gia
.

(Mfg)^p .

has finer structure
.

Recall : Oder Fpˢ• ; FGLS are classified

by their heights.
Mfg④ Ftp = has 1- "pe

" for each he .

⑨ f-g.)④Ep ⇒ - - - -
'≥ V42 Uo .

I 3 ↑ .

ht≤2 . he ≤ I ht ≤ 0 .

UnlUni .

= Fln . classifies FGs of he .

exact n .

= Spec Ttpn I/Gn .

Formed nbhd of Hn - C-Un
#
Morava E-th .

HI =specTloEn4Gn@1lMfy.ihksp-comp6teSp.ec-1ha .

Hi, I
_

"

~ ??



82
. Chromatic localizations .

Goal : want to study . Bousfield
localization Wrt Morava E- thy .

& Morava K- theory .

Defn . Two spectra Xi , Xz are Bousfield
equivalent if one of the following
equivalent conditions hold .

• ↳ ,
≈ Lxz

.

• E is × ,
- local⇔ E- is ✗E- local .

Spx
, I. SPXZ .

• E is × , - acyclic⇔ E- is ✗2-acyclic

In this case , we will write <XD -_<xD

-1hm : {En> .

= (En -1 V Klm> .

= < En -1 > V < Ken# .

Induction = < KCB> V4KID>- - Kai
Ha



leon : E- = ring spectrum .

"

VC-TKE-lken.EE> = <HE > ☒ SEA >.
risk→ E-

' '

z
' ! -2€# FAE → E

'

IN -_ 2

Example : TL*E ,
= ZpEU☐iIUJ
1-1

deg -0
ftp.TLUiiu-DV-PETOEI'

↓

→ { E , > = < ME > ✓ < Elp> .

↑ Arational
.

= < KLODV < Kai.

M"☒ ka)*=FpEV.

War : E ,FIX Esp , bit . ↳✗ is E-acyclic
⇒ !→LEÑ ?

1-¥p✗ → ↳ LEX .



A spectrum Y is EVF acyclic .

→ EVF)* 4=0 ⇔ E- 1*14)④ (8-1*14)=0.
⇔ Y is both E- acyclic

& F- acyclic .

If Y is E- local , then it is automated.

EVF - local .

⇒ LEVFX is not E- local or F- food .

LELEVF ≈ LE .

Take E = kin] . F- = En-1 .

Can check . En - i - local spectra are all .

Kim - local .

rs ltx , we have a pull back sq .

Denote Len
. by Ln

- Ln -1 Ln
Ln ✗ 4am ✗

'

≈ Ln -1 .

Ln¥✗ → Ln-i 4ÉmX



Than (chromatic convergence) .

Xcp) . I -hakim I → - - - → Ln✗→↳+✗→ → →↳×) .

Now : We can try to recover Xcp) .

from LNX '

Fracture square : we can recover
.

Ln ✗ from Lklo>✗ ,
-
-
-

,
Lkcn )✗ .

we can compute It Lian)✗
.

Using .

the homotopy fixed pts -5 .

Fact : Ikon, ✗ ≈[4*fEnr×ʰ&
"

→ H{ can ; €n^)*C×))⇒ . It-Skank .

Can think . as a sheaf cohomology
.

over Him '

§ 3 . Monochromatic Layer .

BP* - AN SS .



EÉÉExtfg¥•plBP*BP*) ⇒ The-

s.IS?ps).s--0liaeExtfgp-*Yzp.lBP*
, M ) is

easier to compute .

One way to compute . EEL - is .

set . No =BP* = Zcp] Evi,V2 - - -

, rn ,
- -J

MK = VEIN K .

P≥V0 .

0-3 . Nk→ Mk → Nkt ' → O -

M
°
= ☒ Evi , -

- - un -- -
- -

NA = 21pA Evi , - - . ur
-
-
- - -

Mt = V51 21pA [ V1 , V2 - - . IV.n - - -ii. --

Chromatic Sis
.

E×tBÑ*Bp. (BP* , Mt) ⇒Exerts,¥¥p(BP*BP*)
Q : can we realize this construction

topologically ?



A : Yes :
Fact : If BP*X is Cpr,, -- - un-D

torsion ,

them BP*Ln✗ - = vñ ' B*P*✗ -

construction : ✗Esp ,

Set . No ✗ = ✗
.

MKX = ↳ NKX
-

NK✗→ MKX → Nk-4 ✗ -

Thun • when ✗=SO , BP* - homology •
is the same as the - chromatic resolution

•

of BP * .

• Moreover we can identify Mk☒

Mid
' NKX as fibers of localizations .
=-☒→ Lex → Let ✗ -

E-KNKX → ✗ → Lk-il
'

MKX is the k -th monochromatic layerof
✗



Qi How do M☒X
' & Lian]✗ compare?

A : They determine each other .
• [KongMn ✗

- ≈ Lions ✗
'

• Mn 4am✗ ≈ Mn ✗
.

$4
. Telescope localization .

Another way to extract htn information
is by localization Wrt finite complexes
of type n .

Fact : Any two finite complexes Fcn ) .
of type n are Bousfield equivalent

let Vn : Fla) → Fca) self map .

Tln) =Vñ¥Cn)

Telescopic localization - is ↳(n ) .

◦ Lpf
'

i = L to>✓ TCC) V - - - ✓TCM)
.



Q ? How to compare Lian, & Tln ) .

A : Spkcn) .

c- SPTCN ) .

→ Lin, ✗ → Lkcn>✗
.

Telescope conjecture :

Ken] ✗→ Lkcn)✗
'

equivalently . Kat✗ '

≈ Lax .

Only n -4 Case has been proved .


