
 

Derived categories triangulated categories
T structures

I Derived cats triangulated cats
Islassilal setting

A Abelian cat

Chia Cat of cochains in A
obj X in Xi's Rsx 5

2

Cohomology H'x

quasi isomorphism f X Y is a

quasi iso if ti if't is an iso

Cheat Dca
derived cat of A

variations Chtial Chica Chbia
bounded from Below above bothsides

SH stable homotopy category



spec l ieatstablw.es SH

triangulated categories
abbr O cat

a tool to describe the structure inherent
in DCA or SH

D additive category

Def Etiftifunctor
is E D D an additive automorphism

Def distinguished triangles
exact

x Y Z EX ED

Def to cat

1 an addictive cat D with a shift
functor E

2 a class of exact O in D

satisfying the following axioms



TRI D Kidentity x x o is a o

2 completion H X Y I Z fitting into
a 0 X E Y Z EX
3 303 are closed under iso

TR2 rotation

If X Y Z EX is a 0

then y z Ex EY are 0

512 5 548 Z

TR 3 weak funstoriality
x Y Z x

t É
are O commutes ID I 1W Sit

everything

TR 4 ofoctahedral axiom

ft If D are D

Y ED have and it's 0

x
É

y
and everything 2



Example of o cats

DCA Dt.ba SH
z shift z 1st

o exact sequences o cofiber fiber sequences

properties
D X IÉX a o

2 Hom CE I takes 0 to a LES

exercises prove 1 2

using 2 I prove that in TRI 2 Z is unique
up to isomorphism

warning Z is unique up to nonunique iso
TR 3 I is not unique

x p z Ey
I Eiti

E At O EA ZA

to7 IN at

Eden funstoriality

for a stable a cat D



D LD is a o category
oof in D is essentially unique

I Derived categories higher categorical

Ref Lurie Higher Algebra Section 1.3

A Abelian cat

D 1A A cat of ibadi derived cat of A

roughly obj proof right bad chain ply
1 morph maps of chain ply
2 morph chain homotopies

Colom x s x synth tightly
horn Xn 5 Xn Xn a

sketch construction

A us Apron full sub of prop obj

us ch April right bad chain ply
us make ChiAproy enriched over ChiAbl



Cheah CheAb o Abo Seto

uns ChicApng enriched over Seto

in N Cato Seto

Chiang a DCA

Rmf In HA its another construction

Nag but equivalent

Inoperties bdd
D LD IA is classical derived cat

D Al is stable as cat

TH t str on o cats

D O cat

Def it Stol
is a pair of full sub cats
Deo Deo closed under iso



2 ED ED o I DeoEDEO

3 U X ED o D YEDeo
Hom X Z Y 0

4 UZED I a 0

x Z Y
Dso 28 0

Notations

Dan I D o

Den I Deo
D D on Deo

Examples

D DCA

DCA 0 3 1 Hackl concentrates in 5703
DCA so 3 XI it to

DCA A

2 SH Postnikout str

SH 0 1 1 That concentrates in 5,03
SH so IX 11 2 03



SH Ab

truncation functor

e n colocalization cort Don
een localization cort Den

InExy I n us n th connective cover

ten in n th connective cover

Application get filtered obis
in I n XT Tana X I no X

use it to define 55

1nEx2 gives the Postinikov tower

In the Ekcat setting

str on stable co cat is defined by
passing to the homotopy category

t sto on D CA

D CAI O DCA cot defined as in Ext

Prop D CA NCA



Kuniversal property

wetting
in

A Abelian cat with froth
e stable as cat with t str total
EE Fun DCA e full sub cat spanned

by rightprestogot functors
which sends

DIA e
Prof in A to e

ID E I Eartht
exact

A so es

A E
e TA ee

te o
F t Teo 1 Fla

Compare it to the classical result

F A is right exact functor of Ahrar

A has enough projectives

us can define LF DA DB
leftderioedfunetorr


