


E-utroton-eategor-ytheoryq.mya-category thy ?
A-: Higher eat 'd structures arise in

algebra, geometry , math . pysies , number tty ,etc .

NICK: Take the (Quillen model ) category
of simplicialby enriched Senategorier, cat,± .
( simplicial sets set# = Fun /ITP, set) ) .

letCat# ,

*If Mopeds ,t )
≈ Map, / C-41,811-1) .

Its,t c-6 .

And * TED, 7 sees and an

equivalence fls) =, t .

Not a good exponential in Cat# .

loosen this up . How?

Cat# set# , (Nee)n=Fm( 47,61 .
$0-11→ . . _

-'
n}c¥# .

GET
-icatn



↳
eat
,
! "

an i→{o-iÉi -iii. - n}
- - -

Ie. • Map /0,4 = ( 0¥
,

) ±#

◦ Map 10,3) = (
° } → °" )⇒✗at↓¥13 _ '0123

etc.
,

Mapli,j)={¥o Hi
j=i

④yj
- i- i

j >i .

The Clunie) N : eat
#
- set

#

II right Quillen functor from the

17Eurguar mis.
on late to Joyal me . on

site
.

• f.brant objects are quasi categories
• weak equiv are het and lies

.

as before .

In Geta, if 6 and
Dave N-cats

(Joyal fibrant) then Fun /6,D)=D8 is honor
topically



well - behaved. (☆ =join)
To Define a monoidal product on set#

by Amit an = Amt
/+n
.

CEO-i - ---mR☆§o→ . -- -in]} = {0-11-i . . _- m-
→mH-i - r -→mntltn}

Extend to set# by collins :

✗☆Y = calm am☆A"
.

Am_ix. An_iy

If f :D-16 is a functor, then

% (the slice of 8 overt :D-16)

was n-ssinphees n={ "☆D -16}
↑

∅☆D-¥ .

In particular, it D=*I
g- eye .

Key is just the usual "slice of 6 over
the object f

"
.

{an - by }={an
"

-16 /final vertex if}.

Det' IG 6 17 am a-cat, and sit c-6,

then Mopeds ,t) # Em (a)8)→ Embroiled
1) fiber over Cs,-11 c- £6✗6 ,



Det: An object tee a terminal if

* s e-6
, Mapqls,t1→* .

Deft: let C- :D- To be a functor

of D-cats . Then a limit of f is

a terminal object of Gf .

Eg: If 6 a aftbiimanplieial category,
then homotopy"/limit in 6 compute

( co) limits in 6 .

Fibration
If seat, set.s-funfs.%Ee.tl
Grothendieck ✗=ff f*construction

n

{ (SES, ✗c-Hs))} .
P atheiihrp. set of maps✗ -15

6 to @ R mail kancanpkio
11 11

ff S# F- inside Qcateset#
Cato:=NCQ.cat?Fenn(8,D1.Gpdn:--N(Kan) Kan≤ Set#



The (Clarifying ≤paces)

cat-%B4a.to/.)IYs-g--un(s7opdo)
{( ses, xefls ))}

↳ᵈ%- I f
u right fibration
Cartesian fibration".

This fails if 5 is not an o
-gpd :

(wn%fµÑᵗ←qm(s°P, Cato )THIS
ff 2-I f .

Moved:p :X-15 R a Cartesian fibration
(contravariantly)

⇔ stills is funetwial in S .

Deth: A map p :X
-is in Cato is

a Cartesian fibration iffaevery map

f :S-it e-S and every object y c- X,

there exits a Cartesian lift off
to y :

ie , a map wej:ÉFy c- ✗ st plgl =f
and ✗1g → ✗

/y ¥ Ff •



Eef Veit → Man
,
a cartesian fibration

because vector bundles pull back .

There's a universal eocartesiem fibration

≤fidcatao → f*eatin
# eatin

Cato
*
,

Because of this and cat%Ñ≈Fm(5 fatal
any courtesan

fibration pulls back :

✗ → eating,d-
Plug f-, Cato

Deth: An adjunction in Cata 13

a map
2- → At which is

Cartesian and coeartesian .

6=2-0
€

D= -2 ,-

g
want to define a subcategory of CATO
the presentable a- Cate .



Thmillwrie If s is an N- cut, then

pls) = Finn (S°P, Gpdao) is the universal

coeonphetien of S.
Ie. if T cocomplete, then

firkins't ,T) =) Fun/5,1-1 .
restriction along Yoneda .

Deth: An n- eat 6 A presentable
if there's a small N-eat S and

a left adjoint PCs ) → 6 (
"small
gene

")
St
• the right adjoint ee#Pls)

13 fully faithful and R preserves

K- filtered Colin far save ks>0 .
( "small relating

Thm (Adjoint functor thin)
A functor of prey . N

- cats

f:b -10 it a left adjoint Ff
f preserves Colin .


