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In Honor of Peter May
Peter —
My debt to you is evident in everything that | write. | found it astounding that, after
each of three or four consecutive close-readings of my thesis in which you suggested
complete structural revisions, your advice remained entirely correct every time. You
taught me to derive immense pleasure from each comprehensive reappraisal that is
demanded whenever deepened mathematical understanding allows a more fundamental
narrative to emerge. And you always encouraged me to pursue my own esoteric interests
while challenging me to consider competing mathematical perspectives. I'm hoping you
like the result. — Emily

§ e Loy
SWE g et W C




In Honor of Peter May
Peter —
My debt to you is evident in everything that | write. | found it astounding that, after
each of three or four consecutive close-readings of my thesis in which you suggested
complete structural revisions, your advice remained entirely correct every time. You
taught me to derive immense pleasure from each comprehensive reappraisal that is
demanded whenever deepened mathematical understanding allows a more fundamental
narrative to emerge. And you always encouraged me to pursue my own esoteric interests
while challenging me to consider competing mathematical perspectives. |'m hoping you
like the result. — Emily

§ e Loy
SWE g et W C




@

Snapshots from the formalization landscape



The Liquid Tensor Experiment

In December 2020, Peter Scholze announced the Liquid Tensor Experiment in a guest
post on a blog run by Kevin Buzzard, an algebraic number theorist and active user of
the Lean computer proof assistant.

1. The challenge

I want to propose a challenge: Formalize the proof of the following theorem.

Theorem 1.1 (Clausen-S.) Let () < pf < p < 1be real numbers, let S be a profinite set, and let |

be a p-Banach space. Let M (5 ) be the space of '-measures on S. Then
lix”'-:lui\ Ab (:'M;J‘ I’S‘ v ) =0
fori = 1

(This is a special case of Theorem 9.1 in www.math.uni-bonn.de/people/scholze/Analytic.pdf, and

is the essence of the proof of Theorem 6.5 there.)



Why formalize this?

After explaining the main mathematical ideas, Scholze continues:

6. Sympathy for the devil

Why do I want a formalization?

— I spent much of 2019 obsessed with the proof of this theorem, almost getting crazy over it. In
the end, we were able to get an argument pinned down on paper, but I think nobody else has dared

to look at the details of this, and so I still have some small lingering doubts.

— as [ explain below, the proof of the theorem has some very unexpected features. In particular, it

is very much of arithmetic nature. It is the kind of argument that needs to be closely inspected.

— while I was very happy to see many study groups on condensed mathematics throughout the
world, to my knowledge all of them have stopped short of this proof. (Yes, this proof is not much
fun...)



Testing Lean's Mathlib <

— the Lean community has already showed some interest in formalizing parts of condensed

mathematics, so the theorem seems like a good goalpost.

— from what I hear, it sounds like the goal is not completely out of reach. (Besides some general
topos theory and homological algebra (and, for one point, a bit of stable homotopy theory(!)), the
argument mostly uses undergraduate mathematics.) If achieved, it would be a strong signal that a
computer verification of current research in very abstract mathematics has become possible. I’11

certainly be excited to watch any progress.

— 1 think this may be my most important theorem to date. (It does not really have any applications

so far, but I’m sure this will change.) Better be sure it’s correct...

Can computer proof assistants help mathematicians understand their work in real time?J




What happened next <4

Six months later, Scholze reported:
While this challenge has not been completed yet, | am excited to announce
that the Experiment has verified the entire part of the argument that | was
unsure about. | find it absolutely insane that interactive proof assistants are
now at the level that within a very reasonable time span they can formally
verify difficult original research.

Dependencies

The full experiment was completed
a little more than a year later.
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One practical foundations for computer proof assistants <

The Origins and
Motivations of
Univalent Foundations

A Personal Mission to Develop Computer Proof
Verification to Avoid Mathematical Mistakes

By Vladimir Voevodsky e Published 2014

“A technical argument by a trusted
author, which is hard to check and

looks similar to arguments known to be
correct, is hardly ever checked in detail.”

Motivated by frustrations with the time it takes
to catch mistakes, Voevodsky built on work of
Awodey, Warren, and others to give a homotopy
theoretic interpretation of Martin-L6f's
dependent type theory, originally designed to be
a foundation for constructive mathematics.

While the standard model interprets types as
sets, Voevodsky proved that types may also be
interpreted as Kan complexes, in which case
they satisfy an additional univalence axiom.

Homotopy type theory (HoTT) is
a formal system for equivalence-invariant
reasoning about higher structures.



Synthetic homotopy theory in HoTT -

In HoTT, familiar spaces can be built as higher inductive types: e.g., S! is the type
freely generated by a term and by an identification or path from that term to itself. One
can redevelop homotopy theory synthetically, extending classical results about spaces to
arbitrary co-topoi, via a generalization of Voevodsky's model established by Shulman.
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that asserts the existence of a certain natural number computes definitionally to an
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In HoTT, familiar spaces can be built as higher inductive types: e.g., S! is the type
freely generated by a term and by an identification or path from that term to itself. One
can redevelop homotopy theory synthetically, extending classical results about spaces to
arbitrary co-topoi, via a generalization of Voevodsky's model established by Shulman.

A synthetic proof in HoTT is very nearly constructive — except that the univalence
axiom asserts that a certain canonical function is an equivalence, but does not provide
an explicit inverse equivalence. Thus, proofs that invoke the univalence axiom lose an
important property of proofs in dependent type theory: canonicity, meaning that a proof
that asserts the existence of a certain natural number computes definitionally to an
explicit numeral.

Certain cubical variants of HoTT restore canonicity because a constructive proof of
univalence can be given for various notions of cubical Kan complexes.



Calculating the Brunerie number 4

In 2013, Guillaume Brunerie gave a proof in HoTT that there is a natural number n so
that 7,(S3) = 7 /nZ, obtained as part of his thesis work. In cubical HoTT, his proof
encodes an explicit computation of a numeral now known as Brunerie's number.
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In 2013, Guillaume Brunerie gave a proof in HoTT that there is a natural number n so
that 7,(S3) = Z/nZ, obtained as part of his thesis work. In cubical HoTT, his proof
encodes an explicit computation of a numeral now known as Brunerie's number.

Challenge: Formalize the construction of the Brunerie number in a cubical proof
assistant and ask the computer to normalize the result to calculate n. J

Over a seven year period, many attempts in many different proof assistants —
cubical (2014-2015), cubicaltt (2017-2018), yacctt (2018), redtt (2018),
Cubical Agda (2018-2019) — resulted in run time errors.

In 2022, thanks to a simplification discovered by Axel Ljungstréom and Anders Mortberg,
Cubical Agda correctly deduced that n = —2! Indeed, until Cubical Agda was asked
to normalize the integer n used in their construction, it had not yet been observed that
the corresponding map S3 — S3 was of degree -2 (rather than degree 2).




Abstract

A peculiarity of the co-categories literature is that proofs are often written without
reference to a concrete definition of an oo-category, a practice that creates an

impediment to formalization. We describe three broad strategies that would make
oo-category theory formalizable, which may be described as

(i) analytic, (ii) axiomatic, and (iii) synthetic.



Abstract y-

A peculiarity of the co-categories literature is that proofs are often written without
reference to a concrete definition of an oo-category, a practice that creates an
impediment to formalization. We describe three broad strategies that would make
oo-category theory formalizable, which may be described as

(i) analytic, (ii) axiomatic, and (iii) synthetic.

We then highlight two parallel ongoing collaborative efforts to formalize co-category
theory in two different proof assistants:

® the axiomatic theory in Lean and
® the synthetic theory in Rzk.

We show some sample formalized proofs to highlight the advantages and drawbacks of
each approach and explain how you could contribute to this effort. This involves joint

work with Mario Carneiro, Nikolai Kudasov, Dominic Verity, Jonathan Weinberger, and
many others.
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3. Formalizing axiomatic co-category theory via co-cosmoi in Lean

4. Formalizing synthetic oo-category theory in simplicial HoTT in Rzk



©

Prospects for formalizing the oco-categories
literature



Avoiding a precise definition of co-categories [ |

The precursor to Jacob Lurie’s Higher Topos Theory is a 2003 preprint On oo-Topoi,

which avoids using a precise definition of co-categories:
We will begin in §1 with an informal review of the theory of co-categories.
There are many approaches to the foundation of this subject, each having
its own particular merits and demerits. Rather than single out one of those
foundations here, we shall attempt to explain the ideas involved and how to
work with them. The hope is that this will render this paper readable to a
wider audience, while experts will be able to fill in the details missing from our
exposition in whatever framework they happen to prefer.

Perlocutions of this form are quite common in the field.
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The precursor to Jacob Lurie’s Higher Topos Theory is a 2003 preprint On oo-Topoi,

which avoids using a precise definition of co-categories:
We will begin in §1 with an informal review of the theory of co-categories.
There are many approaches to the foundation of this subject, each having
its own particular merits and demerits. Rather than single out one of those
foundations here, we shall attempt to explain the ideas involved and how to
work with them. The hope is that this will render this paper readable to a
wider audience, while experts will be able to fill in the details missing from our
exposition in whatever framework they happen to prefer.

Perlocutions of this form are quite common in the field.
Very roughly, an oco-category is a weak infinite-dimensional category.

In the parlance of the field, selecting a set-theoretic definition of this notion is referred
to as “choosing a model.”



The idea of an oco-category
Lean defines an ordinary 1-category as follows:

class Quiver (V : Type u) where
/-- The type of edges/arrows/morphisms between a given source and target. -/
Hom : V - V -+ Sort v
class CategoryStruct (obj : Type u) extends Quiver.{v + 1} obj : Type max u (v + 1) where
/-- The identity morphism on an object, written "1 X'. -/
id : ¥ X : obj, Hom X X
/-- Composition of morphisms in a category, written "f > g'. -/
comp : ¥V {XY Z : obj}, Hom X Y - Hom Y Z -+ Hom X Z

class Category (obj : Type u) extends CategoryStruct.{v} obj : Type max u (v + 1) where
/-- Identity morphisms are left identities for composition. -/
id comp : ¥V {X Y : obj} (f : Hom X Y), 1L X » f = f := by aesop cat
/-- Identity morphisms are right identities for composition. -/
comp id : ¥ {X Y : obj} (f : Hom X Y), f > 1 Y = f := by aesop cat
/-- Composition in a category is associative. -/

assoc : V {W XY Z: obj} (f : HomW X) (g : Hom X Y) (h : Hom Y Z), (f » g) »> h=f >» g >» h

:= by aesop cat
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/-- Identity morphisms are right identities for composition. -/
comp id : ¥ {X Y : obj} (f : Hom X Y), f > 1 Y = f := by aesop cat
/-- Composition in a category is associative. -/

assoc : V {W XY Z: obj} (f : HomW X) (g : Hom X Y) (h : Hom Y Z), (f » g) »> h=f >» g >» h
:= by aesop cat

The idea of an co-category is just to

® replace all the types by co-groupoids aka homotopy types aka anima, i.e., the
information of a topological space encoded by its homotopy groups
® and suitably weaken all the structures and axioms.



“Analytic” oo-categories in Lean

A popular model encodes an co-category as a quasi-category, which Johan Commelin
contributed to Mathlib:

/-- A simplicial set 'S’ is a *quasicategory* if it satisfies the following horn-filling condition:
for every 'n : N and "0 < i<n’,
every map of simplicial sets ‘oo : A[n, 1] - S° can be extended to a map "o : A[n] - S’
-/
@[kerodon 003A]
class Quasicategory (S : SSet) : Prop where
hornFilling' : V¥V {n : N} {i : Fin (n+3)]} (ce : A[n+2, i] = S)
(h® : @ <1i) ( hn : i < Fin.last (n+2)),
3 o : A[n+2] = S, ce = hornInclusion (n+2) i » ©

where oo-groupoids can be similarly “coordinatized” as Kan complexes:

/-- A simplicial set 'S" is a *Kan complex* if it satisfies the following horn-filling condition:
for every nonzero 'n : N and "0 =i =n",
every map of simplicial sets ‘ce : A[n, i] = S’ can be extended to a map "¢ : A[n] - S*. -/
class KanComplex (S : SSet.{u}) : Prop where
hornFilling : ¥V {n : N} {i : Fin (n + 2)} (ce : A[n + 1, i] = 5)
d o6 : A[n + 1] - S, 6s = hornInclusion (n + 1) 1 > 0o

But very few results have been formalized with these technical definitions.
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contributed to Mathlib:

/-- A simplicial set 'S’ is a *quasicategory* if it satisfies the following horn-filling condition:
for every 'n : N and "0 < i<n’,
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where oo-groupoids can be similarly “coordinatized” as Kan complexes:

/-- A simplicial set 'S’ is a *Kan complex* if it satisfies the following horn-filling condition:
for every nonzero 'n : N and "0 =i =n",
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But very few results have been formalized with these technical definitions. Indeed, earlier
this year, Joél Riou discovered that the definition of Kan complexes was wrong!
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Recall the idea of an oo-category is just to replace all the types in an ordinary 1-category

class Quiver (V : Type u) where
/-- The type of edges/arrows/morphisms between a given source and target. -/
Hom : V = V = Sort v

class CategoryStruct (obj : Type u) extends Quiver.{v + 1} obj : Type max u (v + 1) where
/-- The identity morphism on an object, written "1 X'. -/
id : ¥V X : obj, Hom X X
/-- Composition of morphisms in a category, written "f > g°. -/
comp : V {XY Z : obj}, Hom X Y - Hom Y Z - Hom X Z

by oco-groupoids. In particular,

® the maximal sub Kan complex in a quasi-category .S defines the co-groupoid of
objects,

® a certain pullback of the exponential sHom(A[1],.S) defines the oc-groupoid of
arrows between two objects,

® n-ary composition can be shown to be well-defined up to a contractible
oo-groupoid of choices.

None of this has been formalized in Mathlib.
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| can imagine three strategies for formalizing the theory of co-categories.

Strategy |. Give precise “analytic” definitions of co-categorical notions in some model
(e.g., using quasi-categories). Prove theorems using the combinatorics of that model. J

Strategy Il. Axiomatize the category of co-categories (e.g., using the notion of
oo-cosmos or something similar). State and prove theorems about co-categories in this
axiomatic language. To show that this theory is non-vacuous, prove that some model
satisfies the axioms and formalize other examples, as desired.

Strategy Ill. Avoid the technicalities of set-based models by developing the theory of
oo-categories “synthetically,” in a domain-specific type theory. Formalization then
requires a bespoke proof assistant (e.g., Rzk).
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Formalizing axiomatic oo-category theory via
oo-cosmol In Lean



An axiomatic theory of oo-categories in Lean

The oco-cosmos project — co-led Mario Carneiro, Dominic Verity, and myself — aims to
formalize a particular axiomatic approach to oo-category theory in Lean's mathematics
library Mathlib. Pietro Monticone and others helped us set up a blueprint, website,
github repository, and Zulip channel to organize the workflow.

-COSMOos

A project to formalize «-cosmoi in Lean.

Blueprint (web) Blueprint (pdf) Documentation GitHub

Useful links:

« Zulip chat for Lean for coordination

¢ Blueprint

* Blueprint as pdf

* Dependency graph emilyriehl.github.io/infinity-cosmos

* Doc pages for this repository



The idea of the co-cosmos project '

The aim of the co-cosmos project is to leverage the existing 1-category theory,
2-category theory, and enriched category theory libraries in Lean to formalize basic
oo-category theory.

This is achieved by developing the theory of co-categories more abstractly, using the
axiomatic notion of an co-cosmos, which is an enriched category whose objects are
oo-categories.

From this we can extract a 2-category whose objects are co-categories, whose
morphisms are oo-functors, and whose 2-cells are oo-natural transformations. The
formal theory of oo-categories (adjunctions, co/limits, Kan extensions) can be defined
using this 2-category and some of these notions are in the Mathlib already!



The idea of the co-cosmos project '

The aim of the co-cosmos project is to leverage the existing 1-category theory,
2-category theory, and enriched category theory libraries in Lean to formalize basic
oo-category theory.

This is achieved by developing the theory of co-categories more abstractly, using the
axiomatic notion of an co-cosmos, which is an enriched category whose objects are
oo-categories.

From this we can extract a 2-category whose objects are co-categories, whose
morphisms are oo-functors, and whose 2-cells are oo-natural transformations. The
formal theory of oo-categories (adjunctions, co/limits, Kan extensions) can be defined
using this 2-category and some of these notions are in the Mathlib already!

Proving that quasi-categories define an co-cosmos will be hard, but this tedious verifying
of homotopy coherences will only need to be done once rather than in every proof. J




Progress

The co-cosmos project was launched in September 2024. After adding some background
material on enriched category theory, we have formalized the following definition:

1.2.1. Definition (co-cosmos). An co-cosmos K is a category that is enriched over quasi-categories,"’
meaning in purticu]ar that
e its morphisms f: A — B define the vertices of a quasi-category denoted Fun(A, B) and referred
to as a functor space,
that is also cquippcd with a spccificd collection of maps that we call isofibrations and denote h}’ H»”
satisfying the following two axioms:

(i) (complctcncss) The quusilcutcgoricul]}’ enriched category (Kposscsscs a terminal oh]'cct‘ small
products, pullbacks of isofibrations, limits of countable towers of isofibrations, and cotensors
with simplicial sets, each of these limit notions satisfying a universal property that is enriched
over simplicial sets."

(ii) (isofibrations) The isofibrations contain all isomorphisms and any map whose codomain is the
terminal object; are closed under composition, product, pullback, forming inverse limits of
towers, and Leibniz cotensors with monomorphisms of simplicial sets; and have the property
thatif f: A = B is an isofibration and X is any object then Fun(X, A) - Fun(X, B) is an
isofibration of quasi-categories.



A formalized definition of an co-cosmos

variable (K : Type u) [Category.{v} K] [SimplicialCategory K]
/-- A "PreInfinityCosmos® is a simplicially enriched category whose hom-spaces are quasi-categories
and whose morphisms come equipped with a special class of isofibrations.-/
class PreInfinityCosmos extends SimplicialCategory K where
[has_gcat_homs : ¥V {X Y : K}, SSet.Quasicategory (EnrichedCategory.Hom X Y)]
IsIsofibration : MorphismProperty K

/-- An “InfinityCosmos® extends a "PreInfinityCosmos’ with limit and isofibration axioms. -/
class InfinityCosmos extends PreInfinityCosmos K where
comp_isIsofibration {A B C : K} (f : A= B) (g : B » C) : IsIsofibration (f.1 » g.1)
iso_isIsofibration {X Y : K} (e : X = Y) [IsIso e] : IsIsofibration e
all objects fibrant {X Y : K} (hY : IsConicalTerminal SSet Y) (f : X = Y) : IsIsofibration f
[has_products : HasConicalProducts SSet K]
prod_map_ fibrant {y : Type w} {AB : y - K} (f : Vi, Ai =B i)
IsIsofibration (Limits.Pi.map (A i » (f i).1))
[has_isofibration pullbacks {E B A : K} (p : E » B) (f : A - B) : HasConicalPullback SSet p.1 f]
pullback isIsofibration {E B AP : K} (p : E+ B) (f : A= B)
(fst : P> E) (snd : P—= A) (h : IsPullback fst snd p.1 f) : IsIsofibration snd
[has_limits of towers (F : N°®P = K)
(¥ n : N, IsIsofibration (F.map (homOfLE (Nat.le succ n)).op)) - HasConicallLimit SSet F]
has limits of towers isIsofibration (F : Ne® = K) (hf)
havel := has_limits_of towers F hf
IsIsofibration (limit.m F (.op 0))
[has_cotensors : HasCotensors K]
leibniz cotensor isIsofibration {U V : SSet} (i : U — V) [Mono i] {A B : K} (f : A = B) {P : K}
(fst : P=U & A) (snd : P>V h B)
(h : IsPullback fst snd (cotensorCovMap U f.1) (cotensorContraMap i B))
IsIsofibration (h.isLimit.lift <|
PullbackCone.mk (cotensorContraMap i A) (cotensorCovMap V f.1)
(cotensor_bifunctoriality i f.1))
local isoFibration {X A B : K} (f : A » B) : Isofibration (toFunMap X f.1)



A blueprint for the next phase of the project ‘

In the next phase of the project, we will construct the 2-category of co-categories
oo-functors, and oo-natural transformations as a quotient of an co-cosmos

To do so, we must prove that:
® the functor that takes a quasi-category to its homotopy category preserves products

® a category that is enriched over Cat — in the adjective sense, not the noun sense

— is a 2-category.
,
‘m-u‘ e Bl
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-h i — # &w @ \==,
> dé?-.‘b
T

There is a lot of work that remains to be donel



Related contributions to Mathlib

One successful aspect of our project is the rapid rate of contributions to Mathlib:

codiscrete categories (Alvaro Belmonte)

reflexive quivers (Mario Carneiro, Pietro Monticone, Emily Riehl)

the opposite category of an enriched category (Daniel Carranza)

a closed monoidal category is enriched in itself (Daniel Carranza, Joél Riou)
StrictSegal simplicial sets are 2-coskeletal (Mario Carneiro and Joél Riou)

StrictSegal simplicial sets and in particular nerves are quasicategories (Johan
Commelin, Emily Riehl, Nick Ward)

left and right lifting properties (Jack McKoen)

hoFunctor, the left adjoint to the nerve (Mario Carneiro, Pietro Monticone, Emily
Riehl, Joél Riou)

SimplicialSet (co)skeleton properties (Mario Carneiro, Pietro Monticone, Emily
Riehl, Joél Riou)

A key challenge is the extraordinary demands this has placed on Joél Riou as a reviewer.



Challenge: Lean's difficulty with the 1-category of categories

To define the 2-categorical quotient of an co-cosmos (WIP), Mario Carneiro and |
defined the homotopy category functor

/-- The functor that takes a simplicial set to its homotopy category by passing through the
2-truncation. -/

def hoFunctor : SSet.{u} = Cat.{u, u} :

= SSet.truncation 2 =» Truncated.hoFunctor:

and showed it is left adjoint to the nerve functor:

/--

The adjunction between the nerve functor and the homotopy category functor is, up to

isomorphism, the composite of the adjunctions *SSet.coskAdj 2° and “nerve:Adj’
noncomputable def nerveAdjunction

=4

: hoFunctor 4 nerveFunctor :=
Adjunction.ofNatIsoRight ((SSet.coskAdj 2).comp nerve:Adj) Nerve.cosk:Iso.symm

We also showed the nerve is fully faithful and concluded that Cat has colimits.

After six months spent revising our series of pull requests, this is now in Mathlib



Challenge: Lean's difficulty with the 1-category of categories

At various stages of the proof, we have to show that two parallel functors are equal:
® showing that nerves of categories are 2-coskeletal
® proving naturality of the unit
e verifying the triangle identities

/-- Proving equality between functors. This isn't an extensionality lemma,
because usually you don't really want to do this. -/
theorem ext {F G : C = D} (h_obj : ¥V X, F.obj X = G.obj X)
(homap : ¥ XY f,
F.map f = eqToHom (h_obj X) > G.map f > eqToHom (h_obj Y).symm := by aesop_cat) :
F =G := by

3



Challenge: Lean's difficulty with the 1-category of categories ‘

At various stages of the proof, we have to show that two parallel functors are equal:
® showing that nerves of categories are 2-coskeletal
® proving naturality of the unit

e verifying the triangle identities

/-- Proving equality between functors. This isn't an extensionality lemma,
because usually you don't really want to do this. -/
theorem ext {F G : C = D} (h_obj : ¥V X, F.obj X = G.obj X)
(hmap : ¥ XY T,

F.map f = eqToHom (h_obj X) > G.map f > eqToHom (h_obj Y).symm := by aesop_cat) :
F =G := by

The problem is that for f: X - Y, even if FX = GX for all X, the arrows F'f and G f
belong to different types, which can be thought of as two different fibers of the fibration
defined by the arrows of a category over the domain and codomain objects. To identify
them, one must transport one of these terms to the other type using the path in the
base space defined by the identifications hX : FX = GX and hY : FY = GY.



Challenge: dependent equalities between the 2-cells in a 2-category ‘

On paper, 2-cells in a 2-category compose by pasting:

A—— C’/ C —— FE——=
Mo A
VL‘I Lo L‘g R, L‘2 /B [4‘3‘/”3
e v Yo geyt + Ry
B B T1> D D T, F

In Mathlib, the 2-cells displayed here belong to dependent types (over their boundary

1-cells and objects) and depending on how the whiskerings are encoded are not obviously
composable at all:

e.g., is RyHyLyn,Gy Ry composable with Ry Hyey LoG R 7?



Challenge: dependent equalities between the 2-cells in a 2-category

/-— The mates equivalence commutes with vertical composition. -/
theorem mateEquiv_vcomp
(@t G » L2 — L1 » Hi) (B : Gz » L3 — L2 » Hz) :
(mateEquiv (G := G1 » Gz2) (H := Hi » Hz2) adj: adjs) (leftAdjointSquare.vcomp o B) =
rightAdjointSquare.vcomp (mateEquiv adj: adjz a) (mateEquiv adj: adjs B) := by
_unfold leftAdjointSquare.vcomp rightAdjointSquare.vcomp mateEquiv

Msuiﬁ——only [comp_obj, Equiv.coe_fn_mk, whiskerLeft_comp, whiskerLeft_twice, whiskerRight_comp, In the 2_Categ0ry Catv I

assoc, comp_app, whiskerLeft_app, whiskerRight_app, id_obj, Functor.comp_map, formalized a proof that
whiskerRight_twicel

slice_rhs 1 4 => rw [~ assoc, « assoc, « unit_naturality (adjs)] the Unit 7]2 and Counit 62
rw [Ls.map_comp, Rs.map_comp] .
S, [ 7 ) o cancel, but not via a

rw [« Rs.map_comp, « Rs.map_comp, « assoc, « Ls.map_comp, « Gz.map_comp, « Gz.map_comp]
rw [« Functor.comp_map Gz L3, B.naturality]

2-categorical pasting

rw [(Lz s Hz2).map_comp, Rs.map_comp, Rs.map_comp] argument. AS a reSUIt,
slice_rhs 4 5 => N
rw [« Rs.map_comp, Functor.comp_map L2 _, « Functor.comp_map _ Lz, « Hz.map_comp] thls prOOf doeS nOt eXtend

rw [adjz.counit.naturality]
simp only [comp_obj, Functor.comp_map, map_comp, id_obj, Functor.id_map, assocl
slice_rhs 4 5 =>

to a general 2-category.

rw [« Rs.map_comp, « H2.map_comp, « Functor.comp_map _ L2, adj:.counit.naturality]
simp only [comp_obj, id_obj, Functor.id_map, map_comp, assoc]
slice_rhs 3 4 =>

rw [« Rs.map_comp, « Hz.map_comp, left_triangle_components]
simp only [map_id, id_comp]



Challenge: dependent equalities between the 2-cells in a 2-category

/- The mates equivalence commutes with vertical composition. -/
theorem mateEquiv_vcomp (@ : g1 » 1z — 1 » h1) (B : gz » s — Lz » h2) :
mateEquiv adj: adjs (leftAdjointSquare.vcomp a B) =
rightAdjointSquare.vcomp (mateEquiv adj: adj: «) (mateEquiv adjz adjs B) := by
dsimp only [leftAdjointSquare.vcomp, mateEquiv_apply, rightAdjointSquare.vcomp]
symm
calc

=/t _e» r1ag: aadjz.unit > g2 &> r1 < o> rz b g2 ®»
((adj1.counit b (hs » r2 » g2 » 1e)) » 1b < (h: < r2 < g2 < adja.unit)) e»

hiarz <B > rs e hi<adjz.counit b hs > rs e» 1 _ i= by After describing this Cha||enge a feW

bicategory

L= es r g a5 e weeks ago, Yuma Mizuno leveraged his

(ria(ap (rz »g2»1e)» (i » hi) < rz g2 <adjs.unit)) e»

((adj1.counit > (h1 » r2) > (g2 » 13) » (1 b » hy » r2) < B) > r:) e» bicategory taCtiC tO forma|ize the

h:1 < adjz.counit > hz > rs @» 1 _ := by
rw [~ whisker_exchange] H H H
. I desired generalization.
bicategory
=1_®> r1 <01 < (adjz.unit > (g2 > 1 e) » (12 » r2) < gz < adjs.unit) e»
(r1a(ap (rz » gz » 1) » (li » hi) < r2 aB) > ra) e

(adjs.counit > ha > (rz » 12) » (1 b » h:) < adjz.counit) > hz > rs @» 1 _ 1= by
rw [~ whisker_exchange, « whisker_exchangel
bicategory

e RIrcr e It would be great to extend this tactic
ri<g: < (adjz.unit & (g2 » 1) » (12 » rz) < B) > rs e»

ria (@> (r2 » 12) » (Lo » ha) < adjz.counit) > ha b ra e» to automate the intermediate Steps in

adji.counit > hi > hz > rs @ 1 _ := by
r [+ whisker_exchange, - whisker_exchange, - whisker_exchange] this calculation.
bicategory
_=[1_e>» riag: 992 < adjs.unit @> r1 < g1 <P rs e»
((r1 » g1) < leftzigzag adjz.unit adjz.counit > (hz » ra)) e»

ri <> h: > rs e adji.counit b hi > ha b rs e» 1 _ = by
rw [~ whisker_exchange, « whisker_exchangel
bicategory

_ i= by
rw [adjz.left_trianglel
bicategory



Contributors to the co-cosmos project ‘

So far formalizations (and preliminary mathematical work) have been contributed by:

Dagur Asgeirsson, Alvaro Belmonte, Mario Carneiro, Daniel Carranza, Johan Commelin,
Jon Eugster, Jack McKoen, Yuma Mizuno, Pietro Monticone, Matej Penciak, Nima

Rasekh, Emily Riehl, Joél Riou, Joseph Tooby-Smith, Adam Topaz, Dominic Verity, Nick
Ward, and Zeyi Zhao.

Anyone is welcome to join us!

emilyriehl.github.io/infinity-cosmos
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Formalizing synthetic co-category theory in
simplicial HoTT in Rzk



Could oo-category theory be taught to undergraduates? ‘

Recall co-categories are like categories where all the sets are replaced by oco-groupoids

sets :: co-groupoids
categories :: co-categories



Could oo-category theory be taught to undergraduates? ‘

Recall co-categories are like categories where all the sets are replaced by oco-groupoids

Could co-Category Theory Be
Taught to Undergraduates?

Emily Riehl

sets :: co-groupoids
categories :: co-categories

The traditional foundations of mathematics are not
really suitable for “higher mathematics” such as
oo-category theory, where the basic objects are built
out of higher-dimensional types instead of mere sets.
However, there are proposals for new foundations for
mathematics based on Martin-L6f's dependent type
theory where the primative types have “higher
structure” such as

® homotopy type theory,
® higher observational type theory, and the

e simplicial type theory, that we use here.



oo-categories in simplicial homotopy type theory ‘

The identity type family gives each type the structure of an co-groupoid: each type A
has a family of identity types over x,y : A whose terms p : © =, y are called paths.
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f:Hom 4 (z,y) are called arrows.
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oo-categories in simplicial homotopy type theory G
A

The identity type family gives each type the structure of an co-groupoid: each type
has a family of identity types over x,y : A whose terms p : © =, y are called paths.
In a "directed” extension of homotopy type theory introduced in

Emily Riehl and Michael Shulman, A type theory for synthetic co-categories,
Higher Structures 1(1):116-193, 2017

each type A also has a family of hom types Hom ,(x,y) over z:,y : A whose terms
f:Hom 4 (z,y) are called arrows.

defn (Riehl-Shulman after Joyal and Rezk). A type A is an oo-category if:

® Every pair of arrows [ : Hom ,(z,y) and ¢ : Hom 4(y, z) has a unique composite,
defining a term go [ : Hom 4(x, 2).

® Paths in A are equivalent to isomorphisms in A.

With more of the work being done by the foundation system, perhaps someday
oo-category theory will be easy enough to teach to undergraduates?



An experimental proof assistant RzK for co-category theory

rzk

MkDocs | documentation | Haddock |documentation | ) Build with GHCJS and Deploy to GitHub Pages |passing;

An experimental proof assistant for synthetic o-categories.
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The proof assistant RzZK was
written by Nikolai Kudasov:

About this project

This project has started with the idea of bringing Riehl and Shulman's 2017 paper [1] to "lfe” by implementing a proof
assistant based on their type theory with shapes. Gurrently an early prototype with an online playground is available.
The current implementation is capable of checking various formalisations. Perhaps, the largest formalisations are

available in two related projects: https://github. /SHOTT and hitp: y SHoTT.
project (originally a fork of the yoneda project) aims to cover more formalisations in simplicial HOTT and «-categories,
while yaneda project aims to compare different formalisations of the Yoneda lemma.

Internally, rzk uses a version of second-order abstract syntax allowing relatively straightforward handiing of binders
(such as lambda abstraction). I the future, rzk aims to support dependent type inference relying on E-unification
for second-order abstract syntax [2]. Using such representation is motivated by automatic handling of binders and
easily automated boilerplate code. The idea is that this should keep the implementation of rzk relatively small and
less error-prone than some of the existing approaches to implementation of dependent type checkers.

Animportant part of rzk is a tope layer solver, which is essentially a theorem prover for a part of the type theory. A
related project, dedicated just to that part is available at htips:/github.com/fizrukisimple-topes.  simple-topes
supports used-defined cubes, topes, and tope layer axioms. Once stable, sinple-topes will be merged into rzk
expanding the proof assistant o the type theory with shapes, allowing formalisations for (variants of) cubical, globular,
and other geometic versions of HoTT.

rzk-lang.github.io/rzk



Extension types in simplicial homotopy type theory

Formation rule for extension types

® C W shape A type a: P> A

o 25 A
r 7 type
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Formation rule for extension types

® C U shape A type a:P—-> A

o 25 A
r 7 type
T

25 A _
A term f: Y defines
.

f:+W — Asothat f(t) =alt) fort: .



Extension types in simplicial homotopy type theory

Formation rule for extension types

® C U shape A type a:P—-> A

o —— A
Y 7 type
T

25 A _
Aterm [: ( v 7 defines
.

f:W - Asothat f(1) =alt) fort: ®.

The simplicial type theory allows us to prove equivalences between extension types along
composites or products of shape inclusions.



Hom types ‘

In the simplicial type theory, any type A has a family of hom types depending on two
terms in x, 1y : A:
oAl 29, 4
Hom 4 (z,y) := < N ///” > type
Al

-~

A term f: Hom 4 (z,y) defines an arrow in A from = to y.

The type Hom 4 (z,y) as the mapping oco-groupoid in A from x to .



Pre-oo-categories “

defn (Riehl-Shulman after Joyal). A type A is a pre-co-category if every pair of arrows
f:Hom 4 (z,y) and g : Hom 4(y, z) has a unique composite, i.e.,

A% [f:g] A
o is contractible.?
X

2A type C is contractible just when Zc:c Haz:C @ = a5,




Pre-oo-categories “

defn (Riehl-Shulman after Joyal). A type A is a pre-co-category if every pair of arrows
f:Hom 4 (z,y) and g : Hom 4(y, z) has a unique composite, i.e.,

A% [f:g] A
o is contractible.?
X

2A type C is contractible just when Zc:c Hac:C @ = a5,

v
By contractibility, < Y e > has a unique inhabitant comp; , : A* - A.
A2

Write g o f: Hom 4 (z, z) for its inner face, the composite of f and g¢.



|dentity arrows

For any x : A, the constant function defines a term

oAl 12, 4
id, := At.z : Hom 4 (z, z) := T )
Al

which we denote by id, and call the identity arrow.




|dentity arrows

For any x : A, the constant function defines a term

oAt 29, 4
id, := At.z : Hom 4 (z, z) := < Y /x* >,

-
-
-

Al

which we denote by id, and call the identity arrow.

For any [ : Hom ,(z,y) in a pre-oo-category A, the term in the contractible type

A2 lid,., f] A
)\(S'f>f<f> ; < I /,///\{ >

-

A2

witnesses the unit axiom f = foid,.



Stating the Yoneda lemma
Let A be a pre-oo-category and fix a,b : A.

Yoneda lemma. Evaluation at the identity defines an equivalence

evid := ., (id,,) : (H Hom ,(z,a) — HomA(z,b)) — Hom 4 (a, b)
z:A




Stating the Yoneda lemma “

Let A be a pre-oo-category and fix a,b : A.

Yoneda lemma. Evaluation at the identity defines an equivalence

evid := A\p.¢,(id,) : (H Hom 4(z,a) —» HomA(z,b)) — Hom 4(a,b)
z:A

While terms ¢ : []_, Hom 4 (2, a) — Hom 4(z,b) are just families of maps
¢. : Hom 4(z,a) - Hom 4(z,b)
indexed by terms z : A such families are automatically natural:
Prop. Any family of maps ¢ : []_ , Hom,(2,a) -~ Hom 4(z,b) is natural:
for any g : Hom 4 (y,a) and /. : Hom 4(x,y)
¢y(g) o h=,(goh).




Proving the Yoneda lemma

Let A be a pre-oo-category and fix a,b : A.

Yoneda lemma. Evaluation at the identity defines an equivalence

evid := \g.¢,(id,) : (H Hom 4(z,a) — HomA(z,b)) — Hom 4 (a, b)
z:A

The proof is (a simplification of) the standard argument for 1-categories!
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Proving the Yoneda lemma “
Let A be a pre-oo-category and fix a,b : A.

Yoneda lemma. Evaluation at the identity defines an equivalence

evid := \¢.¢,(id,) : (H Hom 4(z,a) — HomA(z,b)) — Hom 4(a, b)
z:A

The proof is (a simplification of) the standard argument for 1-categories!

Proof: Define an inverse map by

yon := Av. Az Af.fowv:Homy(a,b) (HHomA z,a) > Hom 4 (z, b))
z:A

By definition, evid o yon(v) := void,, and since void, = v, so evid o yon(v) = v.
Similarly, by definition, yon o evid(¢).(f) := ¢,(id,) o f. By naturality of ¢ and another
identity law @, (id,) o f = 6.(id, o f) = 6,(f), s0 yon o evid(¢).(f) = 6,(f). [



A formalized proof of the oo-categorical Yoneda lemma “

Nikolai Kudasov, Jonathan Weinberger, and | formalized the oo-Yoneda lemma:

For any pre-co-category A terms a b : A, the contravariant Yoneda lemma provides an equivalence between the type (z : A) - Hom

A z a » Hom A z b of natural transformations and the type Hom A a b.
One of the maps in this equivalence is evaluation at the identity. The inverse map makes use of the contravariant transport operation.

The following map, contra-evid evaluates a natural transformation out of a representable functor at the identity arrow.

#def Contra-evid

(AU
(ab :A)
:((z:A) -Hom A za-~HomAzb)-HomAab

=\ ¢ - ¢ a (Id-hom A a)
The inverse map only exists for pre-co-categories.

#def Contra-yon

(A:U)
( is-pre-«-category-A : Is-pre-~-category A)
(ab :A)

: Hom Aab- ((z :A) - HomA z a - Hom A z b)
=\ v z f > Comp-is-pre-«-category A is-pre-w-category-A z a b f v

emilyriehl.github.io/yoneda/
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While there certainly are advantages to formalizing the synthetic theory of co-categories
rather than the axiomatic or analytic theory, there are also some challenges:
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(much less prove) all theorems about oo-categories.
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All of these obstacles could be overcome with sufficient time and effort.

| would personally prefer to have shorter less painful formalizations in a more
sophisticated formal system—designed to optimized for reasoning in a particular subfield
of mathematics—a where the technical content of a formal proof is more about big
ideas and less about fine details.




Contributors to the simplicial HoTT library “

So far formalizations to the broader project of formalizing synthetic oo-category theory
(and work on the proof assistant Rzk) have been contributed by:

Abdelrahman Aly Abounegm, Fredrik Bakke, César Bardomiano Martinez, Jonathan
Campbell, Robin Carlier, Theofanis Chatzidiamantis-Christoforidis, Aras Ergus, Matthias
Hutzler, Nikolai Kudasov, Kenji Maillard, David Martinez Carpena, Stiéphen Pradal,
Nima Rasekh, Emily Riehl, Florrie Verity, Tashi Walde, and Jonathan Weinberger.

Anyone is welcome to join us!

rzk-lang.github.io/sHoTT



Questions for the future

It is very painful to ellaborate higher categorical proofs all the way down to the
foundations. Are enough contributors willing to do this wearisome technical work?

Lean is very powerful and will only become moreso. But will the tactics introduced
to spead up formalization make proofs too hard to understand?

Proofs in Rzk of theorems that are way beyond the current capacity of Lean are
conceptual and short. But the formal system is unfamiliar and so far incomplete. Is
this too much of a hurdle for non-expert users?

Theorems formalized in Rzk are useless to users of Mathlib. Will we be able to
integrate them into Lean?

A healthy ecosystem for mathematical formalization will involve lots of domain
specific formal systems. Will Al-powered co-pilots every be able to support
formalization in experimental proof assistants?

Many of us expect an increasing degree of automation in the production of
formalized mathematics. How do we ensure that computer formalized mathematics
remains understandable by humans?
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