
The Barratt-Priddy - Quillen Theorem.
& Algebraic K. theory
Recall from Folin's talk yesterday.

Then i Barratt-Priddy - Quillen).
a 3 =SCS =WBIn ->

R

is a group completion.
Today:This exhibits Qs as the algebraic
k-theory space of the symmetric
bimonoidal category:(Finset, 5,x).

31. Acrash course on algebraic k-theory.
Let (2,&, 1) be a symmetric monoidal
Category,

Defr. Kole)=group completion of iso classes.
ofobjs in e.

group Law
=&, Unit =H

Examples:4o(Finset, W) =(N,tgr =2

KolFinset, x ) =(N, xgp
=0.



ko /Findim rect sp over#,)
=2.

ko(real vector bundles offin rkoverx) =ik0(x)
kolCpx -----.).Fkulx).

Let R be a commutative ring
KOIR) =Rolfin gen proj R-mod, C.
-

-> K.(R) =GLIR)
ab vector bundle over spec R.

=GL(R)/E(R)
where GLIR): =Coim G(n(R)

E(R) =subp generated by
elementary matrices.

Also explicit definition ofK2, but complicated
Quillen defined higher algebraic groups of
R as htpygps
knCR): =In BGLIRSYnx1.
This recovers Ki,K2.

The plus Construction:
X=Conncwcpx, P1πi(x) perfee



The plus construction ofA reli is.

fix -> Y sit.

D on i, 1 -> P -> i(X) -xTx(Y)-1.
② on homology yps.
fx:H,(X;m) -Hx(Y; m)
for any local ceeft system M.

=Ti(Y) - module

Usually we write Y:Atwhen
P is the commutator subge. ofT.IX).

Defri k(R) =KOCR) xBGLCR)t·

The (Quillen) Let #y be a finite field.
Thenwe have an equalizer diagram.

id
BGLIIg ->BU=; BU

49.22 g-th Adams operations

Two consequences:
R n =0

E- K
-1 n =2k- 1 >0

P. kn(Ig) =19 else



② Bu is an P-space.
id. 49 both 28-maps.

=>BGLlFa)tis an Er space/r:space.

can upgrade the equalizer diagram to
id

(A) k(Ig) =ExBGL)-> ExBU= 2xBU
4 =kU.

EXBU = BRU is an Earring space.
both id and MareEo-ring maps.

=>K(#g) is an Eo-ring space!
Question:Is KIR). an Erring space in general?
Answer:Yes. Can see this from a different

construction.

Question from the Audience:

How is () relatedto Frobenius?

Answer: LetPrewing=·

E
Fr action

=49.



$2. Algebraic K-theory via group completion
For a category -, letBe= /Ne1.
For C =Alla, this recovers the classifying
space BG.

Fact: -When I has an initial obj. Be is contractible

· 2=D. =Be
=BD:

If I is a groupoid, BL*A BAut(c).
isom class

·
-Tole) =Isom class ofobjce)

ofdjsofe.

Tile, c) =Aute(C).
· when I is symmetric monoidal,
Be is a htpy assoc. com H-space.

For I symm monoidal. groupoid, want.
to define KLe) Sit.

·Tokle) =Ko(e) defined at the beginning.
Isam.

For = (Fin gen Proj. R-mod.)
<(1) =$(R) defined using"+" - construction.



↑

Idea:Group complete e.
Construction:Iteis acat wl

· Obj. (m,n) eObjexe."m -n"

· morphism:equivalence class of
S- +,q

-

Mi, n.) -> (SQMI, sQU11-> (M2, na)
St

by the relai*->(tom, +xni) fig'.
=ifIx: 55t making the

5,8.diagram commute (som, san,-
a.a.1 ->

M2,n)

(tQm,, +Qni) f',g'

Facts: · ete is symm monoidal

(My, n.) & (M2,nz) =(m,km2, nan)
·

e -> e t e mi-(,x) monictach.
Ihm.(Quillen) Suppose VC,c'ee.

-Aut(2) ->Aut(cac) is injective.
Then

Be -> Bett is a sp completion.



Detr:KIC): =Bete.
From the ol machinery:

KIe) is an Erin space ife is symm

(bi-monoidal cat.
Isom.

Example:2 =(free R-mod offin rk.3
The skeleton of C:
·

RP. R ·R2 ·

R3
-...

⑨ I ②
BGt BGtz BGL

The BE=WBGLn. (R).->.Ex BGLTR).
R

BGLnR -> EnxBGLR
->[13 x BGLR) -93 xBarast

is a group completion.
E. Bete - x BGLTIR).

If e =(Fin gen Proj. R-mad.)
Isam

BC tt =KolR) xBGLY(R).



33 The BPK thm.

For t= (Finset, W). Isom.
Be =WBIn

n

By BPR: WBIn -> KSO

is a yp completion.
5. KIFinSet) =Bete.

The Catesian product oFinsetgives.
the Eo-ring Structure on KIFinset).

Recall KIR) is En-ring.
2) geta UnitQs"-> k(R).

St

This is induced byFinsefunctor.
Finset. -> Fin genProj. A-mod.
S 1-> free R med gen bys.

>
X 1->



In good cases, we also geta "+" construction

for.KIC).

Suppose. Ia segn ofelements
S1, S2, S3.--- in e.

Sit.
·Sk=AK*SK+ for some aket.

9K+-

· Aut (Six) -> Ant (Sat) . is injective.
· SEC. Is sit. SQS=Skameters.

Define. Aut(C): = Colim Aut(s).
Idea:Think oft= FinProjIR). Sx=R.......

Thin. K(e). IKole).x BAutlest

Apply. this to BPR:

&S =K(Finset) =ExBIo
Is=Colin In.

cor. i? (s=x, (5) =, (B55) =(Ip(aD=21
generated by the equiv class ofodd permutations.
QSO has finer structure, splittings etc.
Ran outoftime here.



Questions from the audience:

where's the strictification:Symm'Perm?

A: This does notchange htpy type of
BC.

· Galois theory & KIEG).?
A: LkwK(Eq) is a finite Galois extension.
ofLc5
(ans()-) Satisfies Galois descent.

How about BAs?

A:BI =B212x BAS
=>Ax /BA) = T1BEY)

=T(s) *2


