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31. The orbitcategory & Elmendorfthm.
Recall from Zhipery's talk.

G-Top= Fun (*G, Top).

Today we give a differentmodel that
leads to Bredam (colhomology.

Def. Let G be a fin gp.
OrbG =Sobj:G/H, HEG. subsp.

Imor: Hom
G (GA,G/K).

more precisely:
· Homa /G/H,G(K) =G/H; b unless

gtHg=K for

why? I, then flett) =

q4
some of

Site ngk =

g1 hEH.
=>gtHgcK.



For G a topological sp., should take.
&Nb

a 585:_G/H._HEd
closed sub)

Befn: An Da:- space. isa contravariant.

functor X:Orbop ->Top.G

Denote the category by

htpy equivalence =Levelwise pyequivalence.
S

Observation:Fixed pointsofa G-space

gives a OG-space.

-I G-iop -> Oa-Top:

x 1 -X :(G /A -1H).

Check:If gAg =K.
-

then x " =X
q"H9

=g-y.H'
⑪: OG-Top -> G- Top

q xH.->

X:1 ->X(G/e).

OG.=Homa (GcG/e)
Observation:N+E check:

Maps / (A), Y) =Maorsa (A, (Y)).



i.e. X(Gle) -> Y.
A ↑

x (G1H).=5. -H:
since H acts on X(G(H) trivially.

Moreover:I =Id.

The /Elmendorf) Ia functor.
-

: Ca-Top -> G-Tp
-

& nat isom 9:&Exids-t. *1
2:Ex(GI).

H.
-> XCGIA) is a

htpy equivalence.
If X is a G-CW, then

↓

IX, ** JG =[EX, Y] orba.
I +E

underlying spall.

construction: Si Orba ->Top. - Two sided
set. E(X)=B(X, orbs. S

bar.

Br, orbs, 5) =E x, do d, ...=dn,G
x = Aldo).
Se s(dn).



⑪-
It

In the end hoa-Top -> hG-top.
-+E

32. Coefficientsystem and Bredam(coshomology.
Nonequivariantly:cleft is s.
& cohomology. ITop *P -> Ab.

Equivariantly:For cohomology
acoeft system is M: Orb,

o
-> Ab.

Ex: Given any OG-Top, 1.

functor top E Al (e.g. 4x).

we obtain a ceeft system.

Orbo Top Ec Ab.
e.g. For any G-spall.

[x(X) (G(H):=TH(xH) is a

coeft system.

For a G-CWcpxX, define its n-th

cellular chain as the ceft system

2n(X): =Hn(Xn,Xn-1ix).



The connecting homomorphism ofthe
triple. (Xn, X-I, Xn-z). gives the
differential.

S S- 2n(x) -> (n +(x) -- - -

-

Define the Bredam cohomology ofX wI

coeft system A as.

H*(XiA): =#* (Hom)[ex), Al.
coelt

Ex:X=GA

(u(x)[G/ =9256/H].K
=Homa (4th /n),2561)

n =

0 -

else.

H2*(G/H, A) =SHomarex/IIGH,
M) n

=0

0 else.

Claim:How ex /2T6, /H1, MY =M(G/H).
f 1-3. f(CH)

More precisely If y:G1H-> all

then e4IGI] > , [GIK] 9H:

E I I I.
-flett1.
q

g(f(H)).



For homology, need a cevariantloeft.

N: Orba -> Ab.

For A:Orbe -> Ab

defineMr.- NG/A)*NCGIH =G

sit. F:G1H-> GI.
nG N(G1H).
m + M(G(k).

↓

f man.... Mafn.
This is a coend construction.

H4(X;) =

=Hx ( =*(x)4orbA).
Ex:X =G/H.

-IG/H] * I = ⑰ XIGNIG/IYE.
EG

If GIGI] "FO
the

then RIGA]" is gen Dynimage GM.
19He

&EGAJyN =2IGIND N(G/A) / - IfQgn)E

OG, = N(G1H).



53. Axioms and firstcomputations.
~

Recall the Eilenberg- Steerred axioms.
for nonequivariant(d) handgy. Hx,$x

HA:hTop -> Ab. H*, &*

HA htopp -> Ab W

C Additivity.Hx(Vxi) =* H*(Xi).

#* (Vxi) =TH*(Xi).
· LES for cofiber sequ.

· suspension (excision).
· dimension.

Claim: Breden (o) hamology are
characterized bythe same set

ofaxioms.
exceptfor dimension:

N *=0.

[G/kHH*16/K:N73 ==E else.

&6/1H*(G11, M14 =3A *=0-

↓
else

In this sense GM is a pt in G-equivariant
world.

Also, a reduced version.



reflection.
Example:G =C. -D

X =S8=(
6:1-d real sign rep ofCr.

Get a cc-cofiber sequ.
1.

Nonequivar 5" -> A-> S

I

I
C- equivari lea +x/ +so
Let M: Orba. -> Ab be a cieft system.
for cohomology.

LES,"Ha(soim) -> HY((/;M) +He (w/ein)
I Big

-> H2*(58: M) 0 unless n =
0.

when n =0

f
o -Hiz(so;M) -M(4(a) -M(xe)

->He(s6M
↳

=>Hir (50;m) =Kew (f*)
Hic(s;M)=coker(f*)

For homology:N: Orbcc -> AP.

Check:H'(S"; A) =Kerfx: N(cre) -> N(Cr/a).

Ho(56;M) =Cokerf:-------


