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Definition
Bernoulli numbers B,, are defined to be the coefficients in the
Taylor expansion:
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e :ZBL‘
-1 n=0

@ B, shows up in number theory:
4k
Eor(q) =1~ Bor Z ooi-1(n)q".
2k n=1

@ B, shows up in algebraic topology: |m4x_1(J)| is equal to the
numerator of 4k/Bay.

Is this a coincidence? \
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Sketch of the answer

This is not a coincidence.

© Katz used a Riemann-Hilbert type correspondence to prove

Erp=1 modp™ <= Z, acts trivially on (Z,)®* mod p™.

Q (M/pm)le’ measures congruences of a Z-representation M.
@ Chromatic resolution shows (M/p“)zlx’ ~ Hcl(Z;;M).

@ There is a spectral sequence
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Sketch of the answer

This is not a coincidence.

© Katz used a Riemann-Hilbert type correspondence to prove

Erp=1 modp™ <= Z, acts trivially on (Z,)®* mod p™.

Q (M/pm)le’ measures congruences of a Z-representation M.
@ Chromatic resolution shows (M/p“)zlx’ ~ Hcl(Z;;M).

@ There is a spectral sequence
E;t = HCS(Z;UTt(K;\)) = Tt-s (S?((l)) .

© The image of J completed at each prime is S?(u)-
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The generalized Bernoulli numbers B;, , associated to x are
defined by:
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The Eisenstein series associated to x is defined by:
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Generalized Bernoulli numbers and Eisenstein series

Let x: (Z/N)* - C* be a primitive Dirichlet character.

Definitions
The generalized Bernoulli numbers B;, , associated to x are
defined by:

o0

R- S5 5,

a=1

The Eisenstein series associated to x is defined by:

Z x(n)

Gr(z;x) = (mNz+n)F’

(m,n)=(0,0)

with the g-expansion of its normalization given by:

Er(g;x) =1~ i Op-1,x-1(n)q"

Bk
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Automorphic equation

Ej} y is a modular form of weight k and level T'1(IN').Furthermore,

Be(y-2x) = x(@)(ez + ¥ Bz x), forn = (jﬁ Z) e To(IV).

The automorphic equation above is equivalent to

E]“X € Hom(Z/N)x_,ep ((CX, HO(Mell(Fl(N)), wk)) a

N
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So— (Hf" S(f)f/p)Q
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J-spectra with level structures

Let M, ¢ (N) be the moduli stack over Z of formal groups of
height 1 at all primes with py-level structure, that is

(Mt (N))(R) = {(G/R, 0+ py — GIN])}.

We can construct a sheaf of £-ring spectra OP over M.,z
whose global section is K-local sphere. From the local structures

of uy, we can define
J = Sg — T, Sy, J(N) — T, Sg ), (07 ))
I L !

B (MSky,), 58— (1, k, (00),,

Here S?{/p(pv) . (KI/;)h(lﬂova)_
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Let x be a Dirichlet character of conductor N and Z[x] be the
Z-subalgebra of C generated by the image of y. The Dirichlet
character y realizes Z[x] as a (Z/N)"-representation in finite free
Z-modules.

Example

When N =7 and x: (Z/7)* — C* sending a generator 3 € (Z/7)"
to (s € C*. Then Z[x] ~ Z[(s] since (Z]7)" ~7Z/6. This is a free
Z-module of rank 2 with basis {1, (s}.
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Dirichlet characters as integral representations

Let x be a Dirichlet character of conductor N and Z[x] be the
Z-subalgebra of C generated by the image of y. The Dirichlet
character y realizes Z[x] as a (Z/N)"-representation in finite free
Z-modules.

Example

When N =7 and x: (Z/7)* — C* sending a generator 3 € (Z/7)"
to (s € C*. Then Z[x] ~ Z[(s] since (Z]7)" ~7Z/6. This is a free
Z-module of rank 2 with basis {1,(s}. The minimal polynomial of
Co is P(z) = 2% — x + 1, from which we deduce the matrix
representation of x(3) with respect the basis {1, (s} of Z[x] is:

x(3) = (? _11)
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The action of (Z/N)™ on Z[x] induced by x lifts to a homotopy
action on the Moore spectrum M (Z[x]).
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a topological action in general, e.g. the previous example.
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action on the Moore spectrum M (Z[x]). It DOES NOT rigidify to
a topological action in general, e.g. the previous example.

One solution

Z[x] = Z[(,] for some n. By an obstruction theory of Cooke, the
homotopy action of (Z/N)™ on M(Z[1/n,(,]) induced by x is
equivalent to a topological action.
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Replacing a homotopy action with a topological one

The action of (Z/N)™ on Z[x] induced by x lifts to a homotopy
action on the Moore spectrum M (Z[x]). It DOES NOT rigidify to
a topological action in general, e.g. the previous example.

One solution

Z[x] = Z[(,] for some n. By an obstruction theory of Cooke, the
homotopy action of (Z/N)™ on M(Z[1/n,(,]) induced by x is
equivalent to a topological action.

Some good cases

When Z[x] = Z[(2n], the homotopy action on M (Z[x]) induced
by x is equivalent to a topological one, e.g. when N =2'.p with
p=22"+1 for 0 <m <4 being a Fermat prime.
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series, we construct the x-twisted J-spectrum by

Let Z[x] = Z[¢,], define

J(N)YX :=(J(N) A M(Z[1]n,x])MEN,

Here, (Z/N)™ acts on the wedge product diagonally.
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The x-twisted J-spectrum

Motivated by the Dirichlet equivariance of twisted Eisenstein
series, we construct the x-twisted J-spectrum by

Let Z[x] = Z[¢,], define

J(N)YX :=(J(N) A M(Z[1]n,x])MEN,

Here, (Z/N)™ acts on the wedge product diagonally.

()" means the homotopy x-eigen-spectrum.
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p-adic decompositions

Let x : (Z]p)* — C* be a Dirichlet character of conductor p > 2.
The p-completion of the x-twisted J-spectrum decomposes as:

hw?
J hx\" = SO
( (p) )p OSa\s/pJ ( K(l)(p)) )
ker w®=ker x

where w: (Z|p)* — Zy is the Teichmiiller character.
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p-adic decompositions

Let x : (Z]p)* — C* be a Dirichlet character of conductor p > 2.
The p-completion of the x-twisted J-spectrum decomposes as:

hw?
J hx\" = SO
( (p) )p OSa\s/pJ ( K(l)(p)) )
ker w®=ker x

where w: (Z|p)* — Zy is the Teichmiiller character.

| A

RENEILS

hw® o y
(S(f){u)(p)) € PiCKl%) ~ End(Z,) corresponds to

Zy — (Z[p)" —=— Zy.
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The homotopy eigen spectral sequence

The E5-page of the HFPSS to compute . (J(IN)"X) can be
identified with

By = Bxty gy (210, X], m(T(V))) = mis (J(N)™X),

where (ZJ/N)™ acts on Z[1/n, x] by x.
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The homotopy eigen spectral sequence

Proposition

The E5-page of the HFPSS to compute . (J(IN)"X) can be
identified with

By = Bxty gy (210, X], m(T(V))) = mis (J(N)™X),

where (ZJN)™ acts on Z[1/n,x] by x. For p-adic Dirichlet
characters, when N = p, we further have Zy[x] = Z,, and

h
By = EXt%p[[Z;}] (Zp, me (K)) = mis ((S?((l)(p)) X) ’

X X x X x
where Z,, acts on Zy, by Z, - (Z[p)” = Z,.




Relations with twisted Eisenstein series
©000000000

Relations with twisted Eisenstein series




Relations with twisted Eisenstein series
0®00000000
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Let p>2 and x: (Z/p)* — C* be a Dirichlet character of
conductor p. By, € Q[x] is an algebraic number.
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Norm 2k [ (k) +1, if kerw® =kery;
e bx-1 - 0, else.
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SageMath, one can check that when (-1)* = x(~1),
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The HFPSS computation shows
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When Y is trivial, kerw* = ker x = (Z/p)* iff (p—1) | k and we
recover the classical numeric coincidence.



Relations with twisted Eisenstein series
0®00000000

More numeric coincidences

Let p>2 and x: (Z/p)* — C* be a Dirichlet character of
conductor p. By, € Q[x] is an algebraic number. Using
SageMath, one can check that when (-1)* = x(-1),

Norm 2k [ (k) +1, if kerw® =kery;
e bx-1 - 0, else.

The HFPSS computation shows

B\ A Zp*r (L if ker wk = ker x;
Tok-1 ((J(P) X)p) = { 0, else.

When Y is trivial, kerw* = ker x = (Z/p)* iff (p—1) | k and we
recover the classical numeric coincidence. We will explain this
coincidence via congruences of twisted Eisenstein series Ej, .



Relations with twisted Eisenstein series
00®0000000




Relations with twisted Eisenstein series
00®0000000

Strategy

Fix a Dirichlet character x : (Z/N)* - C; with v,(N) = v.

O Consider the stack M%¢ and the (,uN) ~ fiyv-level

structures: J
MgH(p") — B(1+p“Zy)

]

M —— B
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Fix a Dirichlet character x : (Z/N)* - C; with v,(N) = v.
© Consider the stack M2 and the (pun)p = ppv-level

structures: J
MgH(p") — B(1+p“Zy)

o !
M ——— BT
Study the congruence of
By x € Homy, 7 ny (Zp[x], HO (MG (p"), w®)).
@ Reformulate a Riemann-Hilbert correspondence to show

Epy=1 mod I <4Zy[x] < Z?k[x_l] is a trivial Z,-rep mod I.
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Strategy

Fix a Dirichlet character x : (Z/N)* - C; with v,(N) = v.

O Consider the stack M%¢ and the (,uN) ~ fiyv-level

structures: J
MG (p") — B(1+pZy)
o !
M ——— BT
Study the congruence of
Eyx € Homzp[(z/]v)x] (Zp[X]a HO(MZZd(pv)awqgk))-
@ Reformulate a Riemann-Hilbert correspondence to show

Epy=1 mod I <4Zy[x] < Z?k[x_l] is a trivial Z,-rep mod I.

@ For M = ka[x_l], use chromatic resolution to show

X

colim (M /p™)% ) = (co;;m(M/pm)Zp = HN273: M),
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Congruence and group cohomology

Proposition

Let M be a Z,-representation in finite free Z,-modules with no
non-zero fixed points, then H}(Z%; M) = colimyy, ((M [p™)%r).
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Congruence and group cohomology

Let M be a Z,-representation in finite free Z,-modules with no
non-zero fixed points, then Hcl(Z;; M) ~ colim,, ((M/pm)Z;).

Proof.
Apply H/(Z,;~) to the short exact sequence:

0 s M s p M —— M[p® —— 0,

we get an isomorphism (M /p*)% ~ H}(ZY; M).
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Congruence and group cohomology

Let M be a Z,-representation in finite free Z,-modules with no
non-zero fixed points, then Hcl(Z;; M) ~ colim,, ((M/pm)Z;).

Proof
Apply H/(Z,;~) to the short exact sequence:

0 s M s p M —— M[p® —— 0,

we get an isomorphism (M /p*® )% ~ Hcl(Z;;M). The claim now
follows from the isomorphism

cohm((M/pm)Z ) (cohmM/p )Z; ~ (M [p=)oe.
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A Riemann-Hilbert correspondence

Let k be a perfect field of characteristic p. Let A be a flat
W(k)-algebra such that A/p is an integrally closed domain over x
and that A admits an endomorphism ¢ : A — A that lifts the
Frobenius ¢ on A/p (the p-th power map).
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A Riemann-Hilbert correspondence

Let k be a perfect field of characteristic p. Let A be a flat
W(k)-algebra such that A/p is an integrally closed domain over x
and that A admits an endomorphism ¢ : A — A that lifts the
Frobenius ¢ on A/p (the p-th power map). Then we have:

Theorem
The following categories are equivalent:

Projective A-modules M of I Continuous 7§t (A)
rank r with F : o* M — M actions on 2"
V| i [
p-divisible formal groups over Spf A | [ GL;(Zp)-torsors
of dimension and height r 1% over Spf A
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Congruences in the RH correspondence

Proposition

Let G be a one-dimensional formal group of height 1 over A.
Denote the Dieudonné module associated to G by

(M,F : ¢*M — M) and the Galois descent data by

peH' (n{"(A); Zy).
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Congruences in the RH correspondence

Proposition

Let G be a one-dimensional formal group of height 1 over A.
Denote the Dieudonné module associated to G by
(M,F : ¢*M — M) and the Galois descent data by
p e H (n'(A); Zy). Then the followings are equivalent:
o é[pm] = Hpm
@ There is a generator v € M such that Fy =~ mod p™.
@ p is trivial mod p™, i.e. the image of p: wt(A) — Z, is
contained in 1+ p™Zy, € Zy,.
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Congruences in the RH correspondence

Proposition

Let G be a one-dimensional formal group of /fight 1 over A.
Denote the Dieydonne’ module associated to G by
(M,F :p*M — M) and the Galois descent data by
p e H (n'(A); Zy). Then the followings are equivalent:
o é[pm] = Hpm-
@ There is a generator v € M such that Fy =~ mod p™.
@ p is trivial mod p™, i.e. the image of p: wt(A) — Z, is
contained in 1+ p™Zy, € Zy,.
In particular, when m = oo, the followings are equivalent:
o G~ Gm
© There is a generator v € M such that Fy =-.

© p is the trivial representation.
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Dirichlet equivariance and Galois descent

As the invertible sheaf w®" over M‘"’d(p ) is the pullback of the

invertible sheaf w® over Mg{ld, there is a canonical isomorphism

®k

forw®* o 0w, g€ Autpa (MI(")) = (Zfp")"

where (f5) = 1€ H'((Z/p")"; Zy).
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Dirichlet equivariance and Galois descent

As the invertible sheaf w®" over Mord(p ) is the pullback of the
invertible sheaf w® over Mg}"ld, there is a canonical isomorphism

foiw® =0 W®k o€ AUtMgﬁd(Mzﬂd(pv)) ~ (Z[p°)*

where (fy) = 1€ H'((Z/p")" ;Zy). Then a p-adic Dirichlet
character x of conductor p* induces a Galois descent data:

18 x (o) : w® @z, Zy[x'] — (0 ® 1) (w®™ &z, Z,[x']).

Denote the resulting sheaf over ./\/lo’” by Z -
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Dirichlet equivariance and Galois descent

As the invertible sheaf w®" over Mord(p ) is the pullback of the

invertible sheaf w® over Mg}"ld, there is a canonical isomorphism

®k

forw®* o 0w, g€ Autpa (MI(")) = (Zfp")"

where (fy) = 1€ H'((Z/p")" ;Zy). Then a p-adic Dirichlet
character x of conductor p* induces a Galois descent data:

18 x (o) : w® @z, Zy[x'] — (0 ® 1) (w®™ &z, Z,[x']).

Denote the resulting sheaf over ./\/lo’” by Z -

Lemma
Homy, [(7/,0y<] (Zo[X], HO (MG (pY), w®)) = HO(MZG, T x)-
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lgusa’s theorem

Using descent, we can endow %, , with an isomorphism
kX . ~
Frx yk,x e (p*ﬁ]ﬁx.
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lgusa’s theorem

Using descent, we can endow %, , with an isomorphism
FRX . —> o Fyy Let py,, be the m€t(MO7d)-representation
corresponding to (.., F¥X). Notice py.,, factors as

(

é or X _)k'szil X
P TEHMED) L 25 (2,[X])° > Autg, (Zy[x]),

where p corresponds to (w, F') over M7<.
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lgusa’s theorem

Using descent, we can endow %, , with an isomorphism
FRX . —> o Fyy Let py,, be the m€t(MO7d)-representation
corresponding to (.., F¥X). Notice py.,, factors as

(

é or X _)k'szil X
P TEHMED) L 25 (2,[X])° > Autg, (Zy[x]),

where p corresponds to (w, I') over M. Further, we have

Theorem (lgusa)

. Et ord X = . s
pimy (M) — Zy is surjective.
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lgusa’s theorem

Using descent, we can endow %, , with an isomorphism
FRX . —> o Fyy Let py,, be the m€t(MO7d)-representation
corresponding to (.., F¥X). Notice py.,, factors as

(

é or X _)k'szil X
P TEHMED) L 25 (2,[X])° > Autg, (Zy[x]),

ord

where p corresponds to (w, F') over MZ;*. Further, we have

Theorem (lgusa)

. Et ord X = . s
pimy (M) — Zy is surjective.

| \

Proposition

By =1 mod I 9 Zp[x] iff the Z,-representation Z?k ® Zp[x7']
is trivial mod I.
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Let x : (Z/N)* - C; be a p-adic Dirichlet character. The
followings are equivalent:

Q@ Ei, =1 modI<dZ,[x].
@ Over MY (p°), there is v € w®* @7 Zy[x] such that:
o The y generates the module w®" ®;, Z,[x]/I over
MH(pY) xspez, SPEZp[x];

e Foranyge (Z/pv)x, g-v=x(9)v;
o (F®1)(y) =~ modI.

© The induced mt(MCd)-action on Z,[x] is trivial mod I.
Q The Z,-representation Zg’k[x_l] is trivial mod I.
@ There is a surjection H* (Z;;fo’k[x_l]) - Zp[x]/1.

Moreover, Ey, ., =1 mod I < Z,[x] is the maximal congruence iff
H' (Z3; Z8% [x']) = Zp[X]/I.
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Thanks for your attention!
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