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1 Day 1: Nonequivariant background

We review the basics of homotopy theory, with the Homotopy Hypothesis in mind.
We introduce the notion of infinity categories, and make the point that we should use
homotopy limits and colimits in infinity categories. Finally we introduce the universal
properties of presheaves in infinity categories, and give the slogan that many of the
categories we use, such as spectra and symmetric monoids, are (localizations of)
infinity presheaves.

1.1 Talk 1: basic homotopy theory review

1. fiber and cofiber sequences: universal properties, homotopy limits and colimits
in general. ([16] 8.4, 8.6, [11] 5.2.2.7)

2. CW complexes: Top is generated by one point under colimits. ([16] 10.1, [11]
5.1.5.8)
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3. homotopy categories: CW approximation, weak equivalence, Puppe sequence.
intuitions from ∞-categories. ([16] 10.4, [11] 1.1)

4. Postnikov towers: truncations as right adjoints. ([11] 1.1.1.4)

1.2 Talk 2: cohomology theories and naive spectra

1. axiomatic cohomology: universal properties of the category Top. ([16] 18.1,
[11] 5.1.5.6)

2. ordinary cohomology as functors to the derived category, review derived cat-
egory. ([6] 4.1, [12] 1.3.3)

3. Eilenberg-Maclane spaces, Omega-spectra. ([16] 16.5)

4. Brown representability theorem, represented cohomology theories, representabil-
ity as the existence of adjoints. ([11] 5.5.2.9)

1.3 Talk 3: basics of spectra

1. Need for good homotopy category of spectra, some history. ([2] III.1, III.2)

2. stable ∞-categories and universal properties of stabilization. ([12] 1.1, 1.4)

3. examples of spectra: K-theory, cobordism, etc. ([2] III.11, I.2)

4. duality: Spanier-Whitehead, Atiyah, Grothendieck, etc. ([2] III.5, III.10)

1.4 Talk 4: monoidal structures

1. monoidal categories: monoids in the symmetric monoidal category of cate-
gories. ([12] 2.4.2 (a))

2. ∞-category settings, E∞-objects. ([12] 2.0.0.7, [14] 3.5)

3. monoidal structure on the category of spectra: smash products, monoidal
properties of stabilization. ([2] III.9, [12] 7.1)

4. Day convolution and monoidal structures on presheaves. ([13] 21.6)

5. orthogonal spectra: definition, point of view as presheaves. ([21] 3.1.3, [13]
4.4)

1.5 Evening

simplicial sets, Kan complexes, nerves, quasi-categories. ([11] 1.1, [7] Chapter 1)
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2 Day 2: Equivariant homotopy theory

We give basics of equivariant homotopy theory. We introduce Elmendorf’s theo-
rem to give the idea that naive equivariant spaces are infinity presheaves over BG
and genuine equivariant spaces are presheaves over the orbit category, and use the
universal properties of presheaves to understand the axioms of equivariant cohomol-
ogy theories. The last talk introduces the notion of suspension by a representation
sphere, as the preliminaries for equivariant stable homotopy.

2.1 Talk 1: equivariant spaces

1. group actions, G -spaces. ([15] I.1)

2. G -CW complexes: G -spaces are generated by G/H’s under colimits. ([15]
I.3, [11] 5.1.6.11)

3. fixed point and orbit adjunction. ([15] I.1)

4. homotopy orbits and homotopy fixed points: universal properties, as left/right
adjoints of forgetful functor. ([15] V.2, [11] 1.2.13)

5. homotopy groups and the Whitehead theorem, weak equivalence of equivari-
ant spaces. ([15] I.3)

2.2 Talk 2: presheaves on orbit category

1. orbit category: equivariant spaces as presheaves in spaces, the equivalence of
homotopy categories. ([15] V.3, [11] 5.1.6.11)

2. universal properties of presheaves. ([11] 5.1.5.6)

3. examples: equivariant cohomology with values in a derived category using
universal properties of presheaves. ([15] I.4)

2.3 Talk 3: application

1. ordinary equivariant homology: coefficient systems, axiomatic and Bredon
cohomology of G -spaces. ([15] I.4, I.6)

2. Smith theory. ([15] IV.1)

2.4 Talk 4: equivariant spheres

1. orthogonal representations of finite groups, universes of G -representations.
([15] IX.1, IX.2)

2. G -spheres and RO(G )-graded homotopy groups. ([15] IX.5)

3. the equivariant suspension theorem, stable homotopy groups. ([15] IX.4, X.6)
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4. universal properties of equivariant stabilization, naive equivariant spectra.
([20] 2.1)

2.5 Evening

homology of symmetric groups, plus construction, Barratt-Priddy theorem. ([4] I.5)

3 Day 3: Equivariant stable homotopy theory

We give two points of view for equivariant spectra. First we view them as stabiliza-
tion of equivariant spaces by all the representation spheres, and give the classical
construction using universes, and also Robalo’s construction using infinity category
techniques. Second we view equivariant spectra as stable infinity sheaves over the
enriched Burnside category. The latter makes the introduction of Mackey functors
very natural. Finally we introduce orthogonal spectra, and those definitions and
theorems using orthogonal spectra.

3.1 Talk 1: introduction to equivariant stable homotopy the-
ory

1. G -prespectra and G -spectra in a universe, stable homotopy groups of G -
spectra. ([15] XII.2)

2. Wirthmuller isomorphism, transfers. ([21] 3.2)

3. homotopy fixed points, homotopy orbits: using universal properties, Tate
spectra. ([11] 1.2.13, [17] 1.1, [15] XXI.1)

4. fixed points, geometric fixed points: defined using a universe. ([21] 3.3)

5. isotropy separation sequence, characterization of equivariant equivalences via
geometric fixed points. ([21] 3.3)

3.2 Talk 2: equivariant spectra as presheaves

1. Burnside category, the isomorphism between the equivariant 0-stem and the
Burnside ring. ([15] XVII.2)

2. basics of Mackey functors, the monoidal structure on Mackey functors. Mackey
functors as presheaves over Burnside category. ([15] IX.4)

3. presheaves over the Burnside category with values in spectra. ([9] 0.1, [12]
1.4.4.9)
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3.3 Talk 3: orthogonal spectra

1. definitions: equivariant setting, global equivariant spectra. ([21] 3.1)

2. suspension spectra, geometric fixed points of suspension spectra. ([21] 3.3)

3. smash products. ([21] 3.5)

4. the tom Dieck splitting (original formulation). ([22] 6.12)

5. the Adams isomorphism; the combination of tom Dieck splitting and Adams
isomorphism. ([1], [19])

6. norms (for commutative orthogonal G-ring spectra), the HHR norm functor.
([21] 5.1)

3.4 Talk 4: application

1. equivariant Eilenberg-Maclane spectra: RO(G )-graded cohomology, existence
of Bredon cohomology, Brown representability, the existence of HM. ([15]
XIII.4, XIII.3)

2. Conner conjecture. ([15] 9.6, [18])

3.5 Evening

homological algebra of Mackey functors, equivariant cohomology of a point.

4 Day 4: Advanced topics

We give many examples in equivariant stable homotopy theory. The construction
of MU((G)) will be treated in detail as the preliminaries for [10].

4.1 Talk 1: equivariant K -theory

1. Borel equivariant theories from non-equivariant spectra. ([21] 4.5.21)

2. connective and periodic equivariant K-theory spectra, comparison with equiv-
ariant vector bundles, Greenlees’s ”equivariant connective K-theory”. ([21]
6.3, 6.4, [8])

3. real K-theory. ([3])

4. Atiyah-Segal completion theorem. comparison of fixed points and homotopy
fixed points. ([15] XIV.5)
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4.2 Talk 2: equivariant cobordism

1. different equivariant flavors of Thom spectra (connective versus orientable).
([21] 6.1)

2. equivariant Thom-Pontryagin constructing and when it is an isomorphism.
([21] 6.2)

3. real cobordism. ([10] 5.2)

4. the construction of MU((G)). ([10] 5.1)

4.3 Talk 3: introduction of HHR

([10] Section 1)

1. historical introduction and overview.

2. the main steps in HHR.

4.4 Talk 4: the slice spectral sequence

1. the slices and the slice filtration. ([10] Section 4)

2. Dugger’s computation of KR-theory. ([5])

3. the slices of MU((G)): the slice theorem, the reduction theorem, and the gap
theorem. ([10] Section 6)

5 Day 5: HHR on Kervaire invariant one (up to the
experts)

This day is devoted to [10], giving the proofs of the main steps for the Kervaire
invariant one problem.

5.1 Talk 1: the slice differential theorem and the periodicity
theorem

([10] Section 6, Section 9)

5.2 Talk 2: the homotopy fixed points theorem

([10] Section 10)

5.3 Talk 3: the detection theorem preliminaries

Adams-Novikov, formal A-modules, etc. ([2] III.15, [10] 11.2)
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5.4 Talk 4: the detection theorem

proof of the detection theorem. ([10] Section 11)
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